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Abstract

Uncertainties associated with fundamental nuclear data accompany evaluated nuclear data libraries in the
form of covariance matrices. As nuclear data are important parameters in reactor physics calculations, any
associated uncertainty causes a loss of confidence in the calculation results. The quantification of output
uncertainties is necessary to adequately establish safety margins of nuclear facilities. In this work,
microscopic cross-section has been propagated through lattice burnup calculations applied to a generic
CANDU® model. It was found that substantial uncertainty emerges during burnup even when fission yield
fraction and decay rate uncertainties are neglected.

1. Introduction

Lattice physics calculations depend on many parameters whose values cannot be precisely known.
Examples include fundamental nuclear data (e.g. neutron cross-sections) and operational parameters
such as coolant temperature and density. The uncertainty associated with the lattice parameters
causes a loss of confidence in the lattice calculation results. While lattice physics uncertainty
analysis is being studied with increasing interest by academia, industry, and regulatory
authorities[1], the investigations tend to be focused on temporal snapshots of the system. Literature
on the subject of lattice uncertainty typically involves an analysis of systems with static, best-
estimate fuel compositions, which corresponds to Beginning of Cycle (BoC), End of Cycle (EoC),
or some particular point of mid-burnup. From that static, instantaneous fuel composition, analyses
can be conducted to evaluate the uncertainty in lattice responses that result from the nuclear data of
the isotopes which are present in the fuel in various quantities at that instant.

However, uncertainty analysis applied to such static models neglectsthe uncertainty effects that
emerge only in a temporal context, namely, that the best-estimate fuel composition at any point
duringburnup is also uncertain. Immediately from the onset of burnup, uncertainty exists in reaction
rates for all nuclides.A nuclide’s reaction rate uncertainty results directly from its own cross-section
uncertainty as well as indirectly from the uncertainty in the neutron flux, which itself depends on
reaction rate uncertainties of allsystem nuclides. Consequently, as the production rates of fission
and activation products are uncertain, so is the accumulated bundle inventory of those product
nuclidesas the bundle is further burned. In a discrete-time setting (which is appropriate to numerical
lattice physics calculation), the evolution of lattice uncertainties can be described by the flowchart
shown in Figure 1.
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Figure 1Burnup Uncertainty Flowchart

Lattice uncertainties compound with additional burnup, and therefore the confidence associated with
atom density and neutron flux predictions tends to decrease. It will be shown in subsequent sections
that, after exhibiting a local minimum, the relative uncertainty of a CANDU® lattice k.increases

monotonically with increasing bundle irradiation.

2. Uncertainty Propagation Methodology

A statistical sampling uncertainty propagation technique wasdeveloped for performing the uncertainty
analysis described in this paper. A detailed description of its development is available elsewhere[2],

but is summarized in this section.
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2.1 Uncertainty Source Data

Lattice physics uncertainty analysis depends on quantified uncertainty information associated with the
fundamental nuclear data of the nuclides relevant to the lattice. As of ENDF/B-VI1[3], such uncertainty
data is included in the ENDF library format in the form of covariance matrices. Covariance is a
statistical measure of the distribution of dependent random variables — in this case, nuclear cross-
sections.Each energy group value of each cross-section of each nuclide is considered a dependent
random variable for the purposes of defining their corresponding covariance matrix. The definition of
covariance between two variables is shown in equation (1). When considering the covariance of a
variable with itself, note that equation (1) reduces merely to the variance of the variable.

cov(x,y) =E[(x —E(x))(y — E())] 1)

The base covariance matrix used in this work was evaluated by Oak Ridge National Laboratory
(ORNL) based primarily on ENDF/B-VI data, and compiled to a covariance library called
44GROUPVG6REC[4]. The covariance library is in a 44-group energy structure, and includes
covariance data for over 300 nuclides and a variety of ENDF Section (MT) cross-sections/parameters
shown inTable 1.

MT  Parameter

1 (n, total)
2 (n, ng)
4 (n, n'y)
16 (n, 2n)
18 (n, f)
102 (n,v)
103 (n,p)
104 (n,d)
105 (n,t)
106 (n, He®)
107 (n, o)
452 v

1018 ¢

Table 1 MTs supported by 44GROUPV6REC

As each parameter in Table 1 is discretized in 44 energy groups, there are therefore 44 dependent
random variables per parameter — which correspond to each group value. Each dependent variable,
following some statistical distribution, has an associated variance. To the extent that some energy
group values of a parameter have some manner of mutual dependency (for example, cross-sections that

follow a 1/v relationship at thermal energies), covariance exists between the energy values of a
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parameter. Moreover, covariance often exists between parameters belonging to the same nuclide, and
even between parameters belonging to different nuclides.

2.1.1 Covariance Interpolation

When quantifying the uncertainty associated with best-estimate predictions, the covariance matrix
should be of an identical energy group structure as the reference nuclear data used to generate the
best-estimate solutions. In the case of this work, the lattice code used was DRAGON 3.06J [5],
using 69-group WIMS-D4 format nuclear data library produced by the International Atomic Energy
Agency (IAEA) through its WIMS Library Update Project (WLUP) [6]. The IAEA data library is
available from the WLUP website.

The 44GROUPV6REC covariance library, therefore, was interpolated to the 69-group WLUP
energy structure using the code ANGELO2 [7]. The resulting covariance library, deemed here as
69GROUPVEREC, contains interpolated data that is approximately equivalent to that of
44GROUPVG6REC, but lacking any covariance information between different nuclides. The loss of
nuclide-to-nuclide uncertainty is due to limitations of ANGELO2.

2.2 Uncertainty Propagation by Statistical Sampling

Recall that each uncertain parameter is considered to be a dependent, random variable. Random
implies that the variables can take on different values according to a probability distribution
function, while their dependency requires that values of some variables cannot be considered
without regard to those of other variables. The underlying method to the uncertainty propagation
technique used in this work is to perform a Monte Carlo sampling of each dependent random
variable (uncertain parameter) according to its statistical distribution, and therefore randomly
generate sets of new data.For each randomly sampled set of parameters, there exists a corresponding
set of outputs which are the solution to the lattice physics equations acting on the input
sample.When many samples are taken, a distribution of output responses emerges that characterizes
the uncertainty of those outputs that arises from the uncertainty of the inputs being sampled.

To perform a statistical sampling of an input parameter, several of the parameter’s statistical
moments must be known: the mean of the parameter, the variance/covariance of the parameter, and
the shape of the distribution. In this work, the mean of each parameter is taken to be the reference
multi-group value that is found in the 69-group WLUP data library. The variance/covariance
isfound in 69GROUPV6REC which is an interpolated value from the ORNL evaluation. The higher
statistical moments that characterize the shape of the distribution (i.e. Gaussian, uniform, etc.) must
be assumed, and in this work the distributions are assumed to be uniform. A thorough comparison
between the assumptions of Gaussian distributions and uniform distributions in the context of lattice
uncertainty analysis has been previously detailed by the author elsewhere[2].

As an example, observe Figure 2showing the reference best-estimate 69-group cross-section of Pu?*®

(n, y) in contrast to 256 statistical samples of the same. The sampling was done so that the
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collective statistics of the samples are entirely consistent with the cross-section’s 69-group
covariance matrix shown in Figure 3.
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Figure 2 Pu®™ (n, y) cross-section
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Figure 3 Pu“™ (n, y) cross-section covariance in 69 energy groups

3. Simulation and Results

This section describes the conditions of a generic37-element CANDU® test case and specifications of
the DRAGON lattice model. Uncertainty results are presented for a BoC lattice, as well as a lattice
being irradiated at a constant, high power. Covariance matrices of two-group, homogenized cross-
sections for the BoC and EoC fuel are presented in this section, as are uncertainties associated with k.,
and atomic number densities of bundle materials as a function of burnup.

3.1 CANDU® Simulation and Modelling Parameters

The specifications used for the generic, 37-element CANDU® modelling of this work are shown in
Table 2 through Table 4.
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Parameter Value
Lattice pitch [cm] 28.575
Fuel pellet diameter [mm] 12.24
Fuel pellet material uo;
Fuel density [g/cm] 10.4
Fuel enrichment [w/o] 0.7
Cladding outside diameter [mm] | 13.08
Cladding thickness [mm] 0.42
Cladding density 6.44
Cladding material Zr alloy
Pressure tube material Zr + 2% Nb alloy
Calandria tube material Zr alloy
Gap material CO;
Moderator material D,0

Table 2 Generic CANDU® lattice specifications

Material Nuclide | Percent weight
Zr alloy zZrha 99.67
FeNt  10.16
crVet 1011
NiM | 0.06
Zr + 2% Nb alloy | Zr™® 97.50
NbN | 2.50
Uranium fuel U= 0.00
Vs 0.70
uze 99.30
Moderator D,0O 99.8
H,O 0.2

Table 3 Generic CANDU® material compositions

Reactor conditions Value
Fuel temperature [K] 941.29
Cladding temperature [K] | 560.66
Moderator temperature [K] | 345.66
Moderator density [g/cm®] | 1.083

Table 4 Generic CANDU® operating temperatures
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Lattice cell BoC EoC
Generic CANDU® | 1.12061 0.987236

Table 5 Best-estimate predictions of generic CANDU® k.,

3.1.1 DRAGON Discretization of the Generic CANDU® model

The DRAGON transport solution of the generic CANDU® model involved a 144-region spatial
discretization. The coolant and moderator regions each feature 60 radial divisions, with four radial
divisions per fuel pin. Resonance self-shielding is performed on a model of less spatial resolution,
consisting of only 28 spatial regions. The transport and self-shielding model discretization schemes are
shown in Figure 4.

.
N
N\

| (/ .

i

N

(a) transport discretization (b) magnified

Figure 4 Generic CANDU® model discretization for DRAGON transport solution
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3.2 Simulation Setup

The generic CANDU® model described in section 3.1 was subjected to a DRAGON burnup calculation
at a constant, high power for 180 simulated days. The fission power was set constant to 900 kW per
bundle. That power is not a reflection of the true power irradiation of in-core bundles in operational
CANDU® facilities, in which fresh bundles experience a range of power throughout its life, ranging
from between one or two hundred Watts to less than 900 Watts. However, the purpose of this burnup
investigation is to strictly study the effects of cross-section uncertainties on the production and removal
rates of nuclides, and the influence of burnup product cross-section uncertainties on lattice properties.

Cross-section (and other multi-group data) uncertainties were propagated using the statistical sampling
method. All the uncertain data was sampled simultaneously from their respective covariance matrices
according to an assumed uniform probability distribution. In total, 96 random data sets were generated
in this manner, and saved to 96 mutli-group data libraries of the WIMS-D4 format. An independent,
best-estimate DRAGONburnup calculation was performed on the generic CANDU® model for each of
the randomly generated WIMS-D4 libraries, producing a set of 96 lattice physics solutions.

Note that nuclear data uncertainties were statistically sampled not only for the nuclides present in the
fresh bundle (listed in Table 3) but also for all nuclides that ultimately appear during the burnup
sequence, assuming covariance for those nuclides existed. A list of produced nuclides, as calculated
using DRAGON and the WLUP IAEA data library is shown in Table 6.

Kr36 |n115 Ndl43 Eu153 H0165 Pu240

MOQS Sb125 Ndl45 Eu154 Er166 Pu24l

TC99 Te127 Pml47 Eu155 Er167 Pu242

RulOl |127 Pm148 Gd154 Pa231 Am24l

Ru103 |135 Pml49 Gd155 U232 Am242
106 131 147 156 233 243

EElOS §2134 22148 33157 8234 érr::242

RthS XelSS Sm149 Gd158 U236 Cm243

Pd105 Xe136 Sm150 Dy160 U237 Cm244

Pd107 CSlSS SmlSl Dy161 N p237

Pd108 Csl34 Sm152 Dy162 N p239

Aglog C3135 EulSl Dy163 Pu238

CdllS Csl37 Eu152 Dy164 Pu239

Table 6Nuclides that appear in generic CANDU®burnup
3.3 Results

During the burnup calculation of the statistical samples of data sets, multiple lattice responses of
interest were recorded, including k., two-group homogenized cross-sections, and the total bundle
inventory of all 82 lattice nuclides. As there are 96 sets of values for each of those responses,
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probability distributions emerged that facilitated the calculation of uncertainties (relative standard
deviation), and confidence limits associated with their best-estimate predictions.

3.3.1 Multiplication Constant Uncertainty

The best-estimate lattice multiplication constant, k.., is shown in along with its 95" percentile
confidence limits, as calculated using Wilks’ formula. The relative standard deviation of k., is shown
inFigure 6.

1157
1.1 ’
8

1.05¢
I L

0.95L . . . _

0 50 100 150 200
Time [days]

Figure 5 CANDU®K.,vs. burnup, with 95™ percentile confidence limits
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Figure 6 CANDU®k . uncertainty vs. burnup

3.3.2 Homogenized, Two-Group Property Covariance

At both the onset of irradiation at the BoC as well as at the end of the 180 day burnup, lattice properties
were homogenized in space and collapsed to a two-group energy structure. The resulting two-group
homogenized cross-sections are a primary calculation product of lattice physics, used in subsequent
full-core analysis employing diffusion theory. The two-group cross-sections of interest in this work are
the total cross-section (X), scattering cross-section (Xs), absorption cross-section (X,), and fission-yield
cross-section (X.). The covariance matrix associated with these homogenized cross-sections was
calculated at BoC and EoC, and are shown in Figure 7 and Figure 8, respectively.
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Figure 8EoC few-group property covariance matrix
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3.3.3 Nuclide Mass Uncertainty

As illustrated in Figure 1, the confidence associated with quantifying atom densities of lattice nuclides
evolves during burnup, a consequence of uncertainties that compound with each timestep. Significant
uncertainty was found to exist in the prediction of the accumulated mass of some nuclides.Figure 9
shows 96 predictions of selected nuclide mass that correspond to each of the statistical samples taken
of the nuclear data library. More detailed plots, showing both the reference best-estimate prediction of
nuclide concentration (lattice volume averaged)of various nuclides as well as their 95" percentile
confidence limits are shown in Figure 10 through Figure 23.
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Figure 9 CANDU statistical samples of selected nuclide mass
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Figure 12 Pu®® concentration vs. burnup
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Figure 13 Pu®* concentration vs. burnup
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Figure 21 Xe* concentration vs. burnup
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Figure 22 Sm**® concentration vs. burnup Figure 23 Lumped Fission Product
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4. Discussion

Despite that the fission yield fractions and decay rates of nuclides on the IAEA data library were not
involved in the statistical sampling (because uncertainty associated with those parameters was
unavailable), substantial uncertainty was observed during burnup due solely to the multi-group
covariance associated with microscopic cross-sections.

At the onset of burnup, k..declines rapidly as fission product poisons emerge.When at constant power,
the quickly-decaying poison nuclides will gradually achieve steady-state concentrations, including,
notably, Xe'®*, which was found to do so in this study after several days. Simultaneously, Pu®®,
resulting from neutron capture by U?*®, accumulates in the fuel and its large fission-to-capture ratio
offers an improvement to reactivity that briefly outweighs the poison effect of fission products
resulting in the well-known “plutonium peak”. While many fission products are explicitly included in
the IAEA data library, many are aggregated into a single virtual nuclide referred to as a Lumped
Fission Product (LFP). The nuclides that constitute the LFP are shown inTable 7, and the rationale
behind the selection of LFP nuclides can be found in WLUP literature[6]. Because the LFP is not an
isotope, it has no corresponding covariance in the 4GROUPV6REC uncertainty library. A covariance
matrix for the LFP could be constructed if the weighting function applied its constituent nuclides was
well known, but in the absence of such information, no covariance could reasonably be assembled.

Ge72 Kr84 Nb94 |113 TelSO Ndl44
Ge73 Kr86 M096 SnllS |129 Ndl46
Ge74 Rb85 M097 Sn117 Xe128 Nd147
Ge76 Rb87 Ru99 SnllS Xel30 NdlSO
AS75 Sb86 RulOO Sn119 Xel32 Sm154
Se76 Sb87 RulOZ Sn126 Ba134 Gd152
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Se77 Sr88 Ru104 SblZl Bal35 GleO
Se78 Y894 Pd104 Sb123 Ba136 -I—b159
Se80 ngo Pd106 Te122 Ba137 Tb160
Se82 ngl PdllO T6123 Ba138
Br76 Zr92 Cdlll Te124 Ce140
Br81 Zr93 CdllZ TelZS Cel42
KrSO Zr94 Cd114 Te126 Pr141
Kr82 Zr96 Cd116 TelZB Nd142

Table 7 IAEA LFP contents

The variation of uncertainty associated with k,, can be explained through the changes in concentration
of lattice nuclides described above. Notice how the uncertainty of k., falls sharply after the onset of
burnup, and reaches a global minimum of less than 1% Ak./K, at 30 days of irradiation, which
corresponds to approximately 1200 MW-days/tonne of burnup. This drop in uncertainty is not
correlated with the concentration of any one particular isotope, but instead emerges from a complex set
of competing phenomena involving several isotopes. The behaviour of Ak./K, has two dominant
features: the decline during the first 30 days followed by a steady rise.

The initial drop in uncertainty is due to the rapid accumulation of fission products at the onset of
burnup. As their concentrations grow, they become responsible for an increasing frequency of parasitic
absorptions of neutrons, which dulls the sensitivity ofk,, to U**® (n, v). Fission product absorption
covariance, however, tends to be substantially less than that of U (n, y). Therefore, in terms of the
total absorption rate, high-uncertainty captures by U?® are substituted with low-uncertainty captures of
fission product nuclides such as Xe'®*, Sm'*® as well as the LFP which has no known covariance.
Further into burnup, as Plutonium concentrations grow, the inverse change of uncertainty occurs.
Plutonium nuclides have much larger fission cross-section uncertainty than does U?*®. Therefore, low-
uncertainty fission rates of U®*® are substituted by high-uncertainty fission rates of Pu®*’. After
approximately 30 days of burnup, the increased Plutonium fission rate uncertainty leads to a
continually increasing uncertainty of k.

Regarding the covariance of the two-group, homogenized lattice properties, a large reduction of fast-
group absorption uncertainty can be seen in the EoC case in Figure 8 compared to the BoC case in
Figure 7. Also, after burnup, a large increase is seen in fission-yield cross-section in both energy
groups. No significant change in covariance is observed in the scattering cross-section, as lattice-
homogenized scattering is dominated almost exclusively by moderator nuclides, whose atom densities
are invariant with fuel irradiation.

5. Conclusions

The new tool developed by the authors to conduct lattice uncertainty propagation using a statistical
sampling method proved well-suited to quantifying of lattice covariance during burnup.

It was found that even when uncertainties associated with fission yield fractions and radionuclide decay
rates were neglected, microscopic cross-section uncertainties resulted in a substantial loss of
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confidence associated with best-estimate predictions of k., and nuclear reactor product masses of the
lattice cell. However, additional study must be performed in which the covariance of the WLUP
lumped fission product virtual nuclide is adequately assessed and included in the uncertainty analysis.
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