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Abstract

A model is being developed to simulate melting UOs,,. The existence of the first order phase change from
solid to liquid makes this a moving boundary, Stefan problem. The model presented here numerically solves a
system of coupled nonlinear differential equations by the Finite Element Method using commercial software.
Included in the treatment are the effects of non-stoichiometry. Material properties at high temperatures are
taken from recent published literature. The current model compares well with published experiments. The

goal of this research is to model centerline melting in operating CANDU fuel.

Impetus

Under upset or very high power conditions, particu-
larly with sheath failure, it is possible that the cen-
terline of a fuel pellet will exceed the local melting
temperature and begin to melt. This situation is gen-
erally avoided in practice. Nonetheless, it is useful to
have a fundamental understanding of the melting be-
haviour of nuclear fuel, should such an incident arise.
Since defective fuel rods allow the coolant to come
into contact with the fuel, concurrent oxidization by
reaction with H>O or D50 is also an important con-
sideration.

The introduction of a second phase adds complex-
ity to fuel behaviour models. Models of this type
typically require the solution of a set of coupled dif-
ferential equations in either transient or steady state
modes.

Having a change of phase in the material being
modelled introduces a boundary at the interface be-
tween phases. This boundary moves in time, depend-
ing on heat transport and diffusion of phase compo-
nents. A moving boundary problem is known as Ste-
fan problem, and must be treated appropriately. A
commonly used technique for modelling Stefan prob-
lems is to transform the domain of the problem onto
a fixed grid for calculation purposes. This can be

accomplished for the general case via the Arbitrary
Lagrange Eularian method[1], as is employed in the
present work.

Stefan Problem

In order to derive the equations to model the phase
change front, local equilibrium is assumed on either
side of the front. In practice, this means that at a spe-
cific melting temperature, the concentrations in the
adjacent solid and liquid phases are taken directly
from the solidous and liquidous lines on the phase
diagram. It is assumed that since liquid at the melt-
ing temperature is able to crystallize on the adjoining
solid, no nucleation time needs to be included. This
means that solidification will only occur at a well de-
fined melting front. In the case of constitutional un-
dercooling the combined effect of temperature and
concentration on the solidification line, may case a
small two-phase region to develop. This is not in-
cluded in the current model.

The sample of UO24, is modelled as a solvent of
UO, with a diffusing oxygen solute. In this treat-
ment, x is the stoichiometry deviation, and is treated
as the variable expressing the diffusion.

Figure 2 shows the basic schematic of a two phase
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Stefan problem. Material properties are defined in
tables 1 and 2. The Q term is an undefined source
term that can include a mass or a heat source term.
The heat equation and diffusion equation must be
satisfied in both the liquid (1) and the solid (s) phases
independently. Since this is a binary system with
potentially large concentration gradients, the heat of
mixing must also be considered in the heat equation.
The contribution of the heat of mixing to the total
heat flux is shown in equation 1.

oh
Gtotal = Geonduction 1 87 - Jy
X

(1)

where h = h(T,x) is the specific enthalpy and J,
is the flux of excess oxygen.

The temperature profile in the sample is continuous
across the boundary, however there is a discontinuity
in the heat flux as a result of the movement of the
boundary over time. The temperature at the bound-
ary is constrained to a specified melting temperature,
depending on the local stoichiometry. The oxygen
profile is discontinuous at the boundary if the O/U
ratio is not 2, i.e., the sample is non-stoichiometric.
Such is the case for defective fuel partially oxidized
by the coolant. In this case, the oxygen concentra-
tion is equal to the liquidous concentration in the
liquid phase, and the solidous concentration in the
solid phase. The assumption of local equilibrium at
all times implies that, at the boundary, the melting
temperature and solidous and liquidous concentra-
tions are all interrelated by the phase diagram. These
constraints are summarized in reference [2]. The rela-
tionship of these variables must be enforced through-
out the modelling process.

With these assumptions, the movement of the
phase change front may be determined by a
mass/energy balance across this region, accounting
for the effects of the boundary movement. It is
important to note that the rate of the phase front
movement is independent of any motion of the liquid
phase. The rate of interface movement is the rate of
melting /fusion for positive values and conversely the
rate of solidification for negative values.

Temperature

Consider an idealized two phase region as in Figure 1.
The normal direction, n is defined as going from the
liquid to the solid, in accordance to the convention of
3]-

Liquid Solid

Figure 1: By convention, 7 is the unit normal defined
as pointing from the liquid to the solid and R is the
rate of fusion.

From first principles we know that the heat balance
is:
(2)

hm - hout = hstored

where " indicates the time derivative.

Thermal energy is stored in the material via a
change of phase from solid to liquid, and so a term to
account for this must be included. This is the latent
heat of fusion and is represented mathematically by
hstored = pH R where H is the latent heat of fusion,
R = R-1 is the rate of fusion, and p is the density of
the phase being changed.

If we take hm =q, hout = ¢s and hstored as defined
above, equation 2 may be written as:

qr — 4s :prR (3)
Now with equation 1, qconduction = —kn - VT and
Jo, = —Dn-Vz, equation 3 can be written in its most

basic form as:

n - (—leTl — @ . Dle) -
Ox

- (—k:SVTS - % - DSVxS> = pHii - R (4)
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where k is the thermal conductivity, D is the dif-
fusion coefficient and the subscripts ; and , refer to
the liquid and solid, respectively.

Diffusion

The concentration of excess oxygen, x, can be treated
in the same way as the energy is treated above. Equa-
tion 2 becomes:

(5)

Tin — Tout = Tstored

where x is the concentration of excess oxygen.

The storage term in equation 5 becomes the in-
crease in the species concentration along the solidus
and liquidus lines as given by Zsiored = (1 — T5)R.
Expanding the diffusive flux, equations 6 and 7 can
now be written for the diffusion of one species in an-
other:

(6)

Jl - Js = (xliquidus - xsolidus)R

- (=D\Vay) — i - (—Dy Vi)
(7)

= (xliquidus - msolidus)'ﬁ‘ ‘R

The melting UO,,, experiment

The current model is being compared with an ex-
periment done by D. Manara at the Institute for
Transuranium Elements in Karlsruhe, Germany. In
multiple papers, he outlines the experimental proce-
dure for obtaining measurements of the melting tran-
sition in non-stoichiometric UO3[4]. The results of
these experiments are published and compared with
a computer model developed at the ITU [5]. These
papers are used to guide and verify the development
of the modelling technique in this work.

In the Manara experiment, a prepared sample of
UOg, is held suspended in a high pressure buffer gas
to suppress the possible effects of UO3 evaporation.
The sample is heated on one side with a combination
of two lasers whose beams are homogenized by ran-
dom mixing over a long fiber optic cable. One laser is
used at lower power to slow and condition the cool-
ing rate to prevent undercooling. This effect would

complicate the modelling procedure. The other laser
is used at higher intensity to heat the surface of the
sample and induce melting. The model described in
Manara’s work [6] is one dimensional in depth for a
flat sample of thickness L with heat/mass transfer in
the z direction. This is taken as a starting point for
the current model development.

Thermal boundary conditions for the heat trans-
port inside the sample include total laser heating,
radiative heat transfer, conductive heat transfer to
the buffer gas and vaporization of the sample. The
front boundary condition describes the heat source as
a combination of all these terms and is given in equa-
tion 8. The rear condition does not include incident
energy or vaporization due to the low temperatures,
and is given in Equation 9.

qz=0 = AlQl(t) - G(T)G : (T4 - T(;lmbient)

- qgas - AI—Ivap¢vap (8)

(T* = Thvient)

ambient

(9)

A; is the material absorption coefficient, Q;(t) the
input laser power, €(T') the material emissivity, o the
Stephan-Boltzmann constant, ggqs is the conductive
heat flux into the buffer gas, AH,,;, is the specific
evaporation heat and ¢, is the evaporation rate de-
termined as below.

To best reproduce the effects of the buffer gas on
the heat equation, an additional domain was added
to the model on either side of the UOs,, sample.
The heat and diffusion equations are solved simulta-
neously with the UOs,, model and coupled to the
surface temperature. The buffer gas domain is 1 mm
thick in accordance with the Manara experimental
apparatus. The gas is considered to be stagnant due
to short time scale of the experiment; therefore con-
vective effects are not included.

The temperature of the gas was set equal to the
temperature of the sample at the surface. This ef-
fectively imposed the buffer gas conductive heat loss
onto the sample surface. Therefore, qq4qs in equation
8 is not calculated explicitly. The other boundary of
the gas domain is insulative.

qz=L = _G(T)U
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Figure 2:

(Right) A schematic U-O phase diagram at high temperature
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Figure 3: Surface temperature vs. time for UQOs.
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The partial pressure of UO3 vapour above the lig-
uid UOs can be obtained through correlations with
the sample surface temperature. This partial pres-
sure was converted to a concentration of UQOs3 in the
He gas through the ideal gas law. The vapour is
allowed to diffuse from the sample surface into the
buffer gas using a classical diffusion equation in the
gas domain. Since the partial pressure above the
surface must be maintained, this requires addition
vapourization from the sample surface. Thus, the
evaporation rate ¢yqp is determined as the diffusive
flux of UO3 vapour at the sample surface.

For the buffer gas, the thermal conductivity used
is:

71
Fate = 0.152 (350) 7] (10)

and the diffusion coefficient of UO3 vapour in He is
estimated from the Chapman-Enskog kinetic theory:

Dyoyae =

V1/MHe+1/MUO;

0.001858773/2
Po—%{eUOg QD

(11)

The effect of the evaporation of UO3 from the sur-
face was later found to be negligible. Therefore the
uncertainty in the estimate of Dyo,m. is of minor
consequence.

Throughout the experiment, it was assumed that
the surface temperature is much lower than the boil-
ing point of UOy. Thus, while evaporation con-
tributes to heat loss, negligible material is lost to
the buffer gas by ebullition. Therefore, the diffusion
boundary condition is insulating.

Jo—or =0 (12)

As in the ITU model, the laser power profile @Q;(t)
is set to obtain the maximum temperature observed
in the experiment.

Material properties

Material properties were taken mostly from the Fink
[8] review, and are summarized in tables 1, 2 and 3.

The values are reported for 95% theoretical density
UQOs. The liquid thermal conductivity used is 3.OmﬂK
instead of the recommended value of 2.5£1-- (8, 9].
This is done to better match the length of the plateau
observed in the experiment.

The absorption coefficient recorded has a temper-
ature dependence modification to the value recom-
mend by Bober and Fink, 0.8 £20% [8, 10]. This was
motivated by the trend in the absorption coeflicients
observed by Bober in his experiment. Figure 4 shows
this trend for four different wavelengths. The aver-
age of this trend was taken, normalized and fit with
a third degree polynomial. The results is applied to
the recommended absorption coefficient. The total
change in the value is within the given uncertainty.

T T
—+- 458nm
—&- 5145mm ||
—&- 647nm
—% - 752.5nm

— dverage H

Absorption coefficient

I I | I L I I I L
0635100 3150 3200 3250 3300 3350 3400 3450 3500 3550 3600

Temperature [K]

Figure 4: Absorption coefficient as a function of Tem-
perature

The liquidus and solidus lines were obtained from
the phase diagram in reference [11].

In summary, this model requires the solution of
several coupled non-linear partial differential equa-
tions over time. Heat and diffusion equations are
solved in the liquid and solid phases as shown in Fig-
ure 2. The relationship between the melting tempera-
ture, solidus and liquidus concentrations as described
by the U-O binary phase diagram, as well as equa-
tions 4 and 7 must be satisfied at the boundaries be-
tween solid and liquid phases. At the front and rear
surface of the sample, the thermal boundary condi-
tion is given by equations 8 and 9 respectively, which
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Symbol Description Value
o Stefan-Boltzmann constant 5.670 - 10~ 11 Kfrizs
Hy Latent heat of fusion [21] 74.8%
To Radius of solute Oxygen atom [22] 1.4-10~1m

Table 3: Contants

involves the solution of heat and diffusion equations
in the buffer gas. Material properties of solid and
liquid UO44, are given in tables 1 and 2 respectively
and are generally calculated based on T and =.

Since this problem is time dependent, the initial
conditions must be given. The sample starts at a
uniform stoichiometry and temperature. The ini-
tial temperature used in the results presented here
is 700K and is fairly arbitrary. The stoichiometry
changed for each simulation. The model is run in a
sequence of four stages, as described below. Upon the
creation of a liquid or solid phase, the x in that region
is initialized to the liquidus/solidus concentration for
that temperature.

This model is solved using Comsol Multiphysics
3.2, a popular commercial software package that uses
the Finite Element Method.

1-D simulation results

Figure 3 shows the simulation results for the 1 dimen-
sional model using stoichiometric UO5. The temper-
ature of the surface of the sample is recorded over
time and compared to the experimental data ob-
tained by Manara, and the model developed at ITU.
The thermogram may be divided into four stages:

1. The sample is completely solid and being heated
rapidly by the combined heating and condition-
ing lasers.

2. The surface temperature has passed the melt-
ing temperature. There are now two phases
present; a liquid phase near the surface of the
sample, and the bulk solid phase. The liquid
phase grows with time until a maximum tem-
perature is reached. After this point the heating
laser is turned off and the sample cools rapidly
until the free surface temperature reaches the
melting temperature again. Concurrently, the
liquid region is resolidifying against the underly-
ing solid.

3. The free surface liquid temperature meets the
melting temperature and starts to solidify. So-
lidification now advances from both the surface
and the bulk into the liquid. The conditioning
laser is used to prevent undercooling of the sam-
ple. As the liquid solidifies, the latent heat is
released, which, combined with the conditioning
laser, helps to keep the temperature at the sur-
face approximately constant. This produces the
observed plateau in temperature until all the lig-
uid is resolidified.

4. The liquid phase is now completely solidified and
there is only the solid phase remaining. The tem-
perature slowly becomes uniform over the sam-
ple. There is a kink in the temperature profile
when the conditioning laser is turned off.

Since the sample in Figure 3 is stoichiometric, the
melting occurs congruently. This is not the case for
non-stoichiometric fuels. Figures 5(a) and 5(b) show
the thermogram for UO5 91 and UO3 g3. One can im-
mediately see the effects of non-stoichiometry in the
refreezing process. The solidification plateau is now
curved and has a bump before solidification is com-
pleted. These effects can be accounted for by the
changes in oxygen concentration due to the phase
change process. Figure 6(a) shows temperature-
depth profiles for four times. The presence and
progress of the liquid phase can be clearly seen as the
dotted line advances into the sample. The computed
profile at 40.4 ms shows the liquid phase surrounded
by solid phase advancing from the free surface and
from the bulk.

Figure 6(b) shows the deviation from stoichiom-
etry at the same time as the temperature in Fig-
ure 6(a). In accordance with the U-O binary phase
diagram([11], = in the liquid phase must be equal to
the liquidous concentration at the melting tempera-
ture. Since this is greater than = in the solid phase,
additional oxygen must be rejected from the solid into
the liquid phase at a rate that is proportional to the
rate of fusion. This creates an outward flux of oxygen
from the solid phase, which serves to lower the local
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| Symbol | Description \ Value | £% |
A Absorbtion coefficient [10, 8] 0.7 20
€ Emissivity [8, 12] 0.85 1
k Thermal conductivity [13] 7‘5408“7'1()?);2#3.61“2 + 6400'115%;;&35 - W 10 — 20
c, Heat capacity [11] 52.1743 + 45.8056z + (87.951 - 10-3 — 7.3461 - 10~ 22)T + (1 — 2)(—84.2411 - 10 972+ | 4—13
31.542 - 10773 — 2.6334 - 10~ 127%) — (0.713910 + 295092)T 27
p/p(273) Density expansion[8, 14] 9.97-1071 +9.08 - 10797 — 2.71 - 1071972 + 4.39 - 10’13T3% for 273 < T < 923 1
9.97 107! + 118 - 10T — 2.43- 10-°T% + 1.22 - 10273 M9 for 923 < T < 3120 1
Pt Saturated vapour pressure [15, 16] 10~ 31284/T+7.616 \[py —40/ 4+ 60
D, Diffusion of Oxygen in UO2 [17] 2.5¢( — 16400/T) <

Table 1: Solid property values. t = T/1000, AT =T — 3120

Symbol Description Value +%
A Absorbtion coefficient* 0.8 - (—1.013¢% + 9.74¢% — 31.42t + 34.98)
AH,qp Heat of evaporation [8, 18] 516.382 — 0.0229467 £
P Emissivity [8, 19] 1 — 0.16096¢—3-7897-1077AT)—3.2718-10" " AT" 3
k Thermal conductivity™ 3.0%
Pso: | Saturated vapour pressure [8, 18] 1015-961-26974/T=2.76log,o T \[Pgy, —40/ + 60
[ Heat capacity [8] 0.25136 + 13288107 _J 10 — 25
p Density expansion|[8, 18] 8.860 — 9.285 - 104 AT% 2—4
D; | Diffusion of Oxygen in UO2 [20] Lpxd 7 em”
n Viscosity of molten UO2 [8] 9881620/ T Pq - 5 25-50

Table 2: liquid property values. ¢ = T/1000, AT =T — 3120. *refer to text.
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creates large oxygen diffusive flux as the material
homogenizes. The heat of mixing now contributes
largely to the heat flux, and creates the bump seen
in Figure 5(b) at time 42 ms. The large concentration
gradient relaxes quickly at the high temperature and

mixtures in laser heating pulses (non-congruent
phase transition solid-liquid), Study Contract
N. 17644-2001-03F1SC KAR RU Final Report
(ITU).

. o -, [6] D. Manara, Melting Transition Measurements
small distances and a profile similar to the original . ) L. ) . .
constant value is quickly established. in Urgmum Dioxide, PhD thesis, University of
Warwick, 2004.
Conclusions [7] N.B. Vargaftik and Y.D. Vasilevskaya, Journal
of Engineering Physics 42 (1982) 296.
The results obtained from the 1D simulation give as-  [8] J.K. Fink, Journal of Nuclear Materials 279
surance that the developing mathematical concept (2000) 1.
and implementation is sound. The expansion of this . o
model into 2D is expected to smooth the complex [9] H.A. Tasman, Thermal conductivity of liquid
freezing process to better match the experimental uoz, 1988.
data. Material properties may be adjusted within [10] M. Bober, J. Singer and K. Wagner, Eighth
the experimental uncertainty to better fit the data. Symposium on Thermophysical Properties
This work has direct application to describing the Vol. II, pp. 234-244, Gaithersburg, MD, 1981,
centerline melting phenomenon in operating defective ASME, New York, 1982.
fuel elements with the presence of hyperstoichiomet-
ric (ie., oxidized) fuel. [11] B. Lewis et al., Journal of Nuclear Materials 328
(2004) 180.
Acknowledgements [12] J.H. Harding, D.G. Martin and. P.E. Pott'er,
Thermophysical and thermochemical properties
This work was funded by a Collaborative Re- of fast reactor materials, 1989.
search and Development grant from the Natural Sci- [13] C. Ronchi et al., Journal of applied physics 85
ences and Engineering Research Council of Canada (1999) 776.
[NSERC] and is being performed at The Royal Mil-
itary College of Canada. I would like to thank my [14] D.G. Martin, Journal of Nuclear Materials
supervisors Dr. Lewis and Dr. Thompson for their (1988) 94.
guidancg, advicg and support. Alsoj Dr. Manara for [15] I.N.S.C.M.P. Database, Material properties of
the advice and information he provided me. uranium dioxide (u02), Internet document:
http://www.insc.anl.gov/matprop/uo2/.
References [16] M. Tetenbaum and P.D. Hunt, Journal of Nu-
i clear Material 34 (1970) 86.
[1] J. Donea et al.The Encyclopedia of Compu-
tational Mechanics Vol. 1 (Wiley, 2004) chap. [17] J. Meachen, Nuclear Energy (1989) 221.
jﬁ% ﬁg;“mry Lagrangian-Eulerian methods, pp- 111\ Breitung and K.O. Reil, Nucl. Sci. Eng. 101
’ (1989) 26.
[2] F. Akbari, B. Lewis and W. .Thompson, CANDU [19] C.L. Fink, private conversation to j. k. fink.
IX Fuel conference proceedings, 2005.
) [20] B. Lewis et al., Journal of Nuclear Material 227
[3] S. Kou, Transport Phenomena and Materials (1995) 83.
Processing (John Wiley & Sons, Inc., 1996).
) [21] J.K. Fink, M.G. Chasanov and L. Leibowitz,
[4] D. Manara et al., Journal of Nuclear Materials Journal of Nuclear Materials 102 (1981) 17.
342 (2005) 148.
[22] Handbook of Chemistry and Physics (CRC

[5] V. Atrazhev and M. Brykin, Numerical simu-
lation of melting and solidification of bindary

Page 9 of 9

Press, 1975).



	Abstract
	Impetus
	Stefan Problem
	Diffusion
	The melting UO2+x experiment
	Material properties
	1-D simulation results
	Conclusions
	Acknowledgements
	References

