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Abstract 

The physical and transport properties of fluids at pressures just above the critical value 
change very rapidly with temperature over a particular range where such fluids make the 
transition from being liquid-like to gas-like. Consequently, when heat transfer takes place 
within them, strong spatial non-uniformity of density can be encountered. Problems can then 
arise as a result of the influence of buoyancy on mean flow, turbulence and heat transfer. 
Partial laminarisation of the flow accompanied by severe deterioration of heat transfer and 
localised overheating sometimes occur. The empirical equations currently available for 
calculating heat transfer to fluids at supercritical pressure are not able to account for such 
effects. Thus, with the aim of achieving an improved understanding of the physics of such 
flows and also constructing a sound, theoretically-based, empirical framework able to support 
reliable calculational procedures, the author has extended an existing semi-empirical model 
of fully developed mixed convection in vertical tubes to account for, non-uniformity of fluid 
properties, inertia and axial development of the effect of buoyancy on heat transfer. Firstly, 
the approach used to incorporate non-uniformity of fluid properties into the model is 
presented. Next the method adopted for bridging the discontinuous heat transfer behaviour 
exhibited by the model is described. Finally, two possible approaches designed to capture the 
observed axial development of buoyancy-influence on heat transfer are presented. 
Computational work is in progress using the extended model to try to reproduce the heat 
transfer behaviour found in experiments with water at supercritical pressure. Preliminary 
results have indicated that the extended model is valid for downward flow and that it is 
capable of reproducing the impairment of heat transfer found with upward flow. The work is 
ongoing and an interim report on it is presented here. 

1. Introduction 

In some respects the effects of buoyancy on turbulent heat transfer in vertical tubes are 
contrary to what might be intuitively expected, even in the case of conventional fluids such as 
water or air at normal pressure where fluid property non-uniformity is not usually very strong 
(see, for example, Jackson et. al., [1] and Jackson, [2]). For upward flow in a heated tube, 
impairment of heat transfer develops with onset of buoyancy influence. It occurs due to a 
reduction in turbulence production and impaired diffusion of heat. This occurs in spite of the 
fact that the upward motion of buoyant near-wall fluid is aided by buoyancy and advection of 
heat is improved. The impairment of heat transfer builds up with increase of buoyancy 
influence until a stage is reached where heat transfer coefficients fall to about one half of 
those expected for the same flow rate in the absence of any buoyancy influence. Then, with 
further increase in buoyancy the heat transfer process recovers until it eventually becomes 
enhanced in relation to that for forced convection. 
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With downward flow in a heated tube, a systematic improvement in heat transfer 
effectiveness occurs with increase of buoyancy influence, even through the buoyant near-wall 
fluid is opposed by buoyancy and advection of heat is worsened. 

Thus buoyancy-influenced heat transfer in tubes exhibits complicated trends even in the 
absence of strong non-uniformity of fluid properties. This will be illustrated later in Section 
4, using experimental data for air. Such trends are also found with fluids at supercritical 
pressure, where the non-uniformity fluid properties can be very strong and lead to striking 
localized effects on heat transfer. The empirical equations currently available for calculating 
convective heat transfer are not able to account for such effects. Thus, there is a need to 
develop means whereby heat transfer behaviour with fluids at supercritical pressure can be 
reliably described. 

In the following section of this paper, attention is focussed on accounting for the effects of 
fluid property non-uniformity for conditions of mixed convection. The approaches for 
dealing with inertia and axial development of buoyancy effect are then addressed separately 
in subsequent sections. 

2. Model of fully developed variable property mixed convection heat transfer in a 
vertical tube with a specified imposed wall heat flux 

A physically-based, semi-empirical model of fully developed turbulent, buoyancy-influenced 
heat transfer in a vertical heated tube is presented in which account is taken of non-
uniformity of fluid properties. It is an extended and improved version of a model for 
conditions of constant properties which was developed much earlier by the author (see 
Jackson and Hall [3,4]). 

The effect of buoyancy on the distribution of shear stress across the thermal layer in a vertical 
heated tube can be found by approximate analysis using the following simplified equation of 
motion in which the inertia terms are neglected. 

dp d[(a — y)t] (1)
0 = ±pg(a — y) — (a — y) ch +  ay 

The symbol x is used for the coordinate in the flow direction, y is the transverse coordinate 
(measured inwards into the fluid from the wall), p is pressure, p is density and t is the local 
total shear stress (molecular plus turbulent) at a distance y from the wall. The symbol a is 
used for tube radius. 

It is assumed that the density of the fluid varies with y across the buoyant thermal layer 
within a region of extent ST according to the equation p=pw +(pb —pw)y15,,, and is uniform 

at the bulk value pb across the core region (y > 8T ) . On integrating Equation 1, term by 

term across the entire flow and next across the wall layer only, then re-organising the two 
resulting equations and subtracting them to eliminate axial pressure gradient, the following 
expression for the reduction of shear stress across the buoyant wall-layer is obtained, after 
neglecting higher order terms. 

tw — Ts., =±6T(Pb — Pw)g / 2
(2) 
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The symbol x is used for the coordinate in the flow direction, y is the transverse coordinate 
(measured inwards into the fluid from the wall), p is pressure, ρ is density and τ is the local 
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The symbol r,„ refers to wall shear stress. The positive sign in Equation 2 applies for upward 

flow and the negative one for downward flow. 

The thermal layer thickness 8 T can be related to turbulent buffer layer thickness 6 by an 

approximate empirical relationship 6T = 6 / Fern which is based on observed heat transfer 

behaviour in turbulent-pipeflow. Pr is the integrated mean value of Prandtl number over the 
range of temperature from Tb to Tw. The index n is frequently assigned the value 0.4 for 
gaseous fluids and 1/3 for liquid-like fluids. Substituting for 8 T in Equation 2 using this 

relationship we obtain 

tw — T8T =±6(Pb — P w )g Pr-ni 2 (3) 

The following equation expresses 6 in terms of S+ , a universal, turbulent wall layer 
thickness defined using integrated mean values of density and viscosity and near-wall shear 
stress T8T . 

6+1.1 
6 = (4) 1/2-1/2 

T
8T 

p 

Thus, on substituting for 8 in Equation 3 we obtain 

To 
T = 1+ O± (Pb — Pw)gFr-n  ( T OT 

T 2T3/217)1/2 
T w w

j1/2 

(5) 

Next, wall shear stress T v, in Equation 5 is related to pb , ub and friction factor 

fb. (= Tw/ 4 pbt4,) . Then, expressing fbo in terms of Reynolds number Reb (=pbubd/gb ) using 

an empirical equation of the form 

fb. = K 1, Rer' (6) 

the following equation is obtained 
1 , _1 

T5
= 1± 

.55±1C,-3/2  Fg  (  (13  b PI P, IP  2 ( Pr  ) L caT  2

•c w Reb Pr: Pb /l b Pb Prb Tw 

(7) 

In Equation 7, Fg(= gd3 1 v:) is a gravitational body force group. The index m3 to which 

Reb is raised is related to m1 by the expression 3(1-mi/2). 

The ratio of, Nusselt number for mixed convection Nub to that for variable property forced 
convection Nub. , can be related to T8T Trw using the idea that the effect of buoyancy in 

modifying the near-wall distribution of shear stress enables a buoyancy-influenced flow to 
thought of as one which is not affected by buoyancy but is flowing at some different mean 
velocity (reduced or increased, depending on whether the flow direction is upward or 
downward). Thus, on the basis that fbo is proportional to Rerl and Nub. is proportional to 

Reb 2 , we can show that 
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Nub  t w

in which m4=m2/(2-mi). 

(8) 

When Equation 7 is used in conjunction with Equations 8 the effect of buoyancy on heat 
transfer in a heated vertical tube, as represented by the ratio Nub/Nub. , is given by 

Nub 

Nub.
CB  Gr:  (ri 15 112 ( Pr )4 (  PQ  V  Nub  I s

1-T 
FT„FF, 2 Rent, 3̀ Pr:n 1Pb Prb Pogb ANubo

(9) 

in which m3=m1+m2, CB = jo+KI 3/2,Gr: = gObqwd4/(kbvb2) and m5 =1/(2m4) +1. The —ve 

sign applies for upward flow and the +ve one for downward flow. The modulus signs ensure 
that for upward flow a real solution is always obtained for Nub/Nub. . 

The Nusselt number Nub. , for developing, variable property forced convection in a tube, can 

be determined using an empirical equation of the form 

Nub. = K2FTB Rebm2 Prbn Fvp2 (10) 

in which FTD is an empirical thermal development function which, according to Petukhov and 
Polyakov [5], can take the form 

FTh =1 + 2.35Reic°.15Pr;" (x/d)-o.6exp [-0.39Re;°.1(x/d)] 

Thus, FiD can be determined at any location x/d long the tube knowing Reb and Prb. 

Fvp2 is a correction factor which accounts for the effect of non-uniformity of fluid properties 

on heat transfer under conditions of turbulent variable property forced convection. 
According to Krasnoschekov and Protopopov [6], this can take the form 
(pw /pb)"(Zp / cp, )O.4 in which Zp is an integrated mean value of specific heat over the 

temperature range from Tb to T. 

This general form of the model of buoyancy-influenced heat transfer in a vertical tube with a 
specified imposed wall heat involves several empirical indices which need to be specified. 
Different combinations of the coefficient K1 and the index m1 have been used in the various 
empirical power law equations for friction factor which are in common use. However, they 
all give rather similar values of fb. The same can be said of the values of K2 and m2 used in 
the various empirical relationships of Dittus-Boulter form for Nusselt number. 

If in Equation 9 the indices m1 and m2 are assigned the values 0.25 and 0.8, respectively, and 
the coefficients K1 and K2, 0.079 and 0.023, the following particular form of the model is 
obtained 
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Thus, FTD can be determined at any location x/d long the tube knowing Reb and Prb. 
 

2VPF is a correction factor which accounts for the effect of non-uniformity of fluid properties 
on heat transfer under conditions of turbulent variable property forced convection.  
According to Krasnoschekov and Protopopov [6], this can take the form 
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10.46 

Nub _[ CB Gab ( -11 1T 
ja(Pr (Pfl Nub (12) 

Nub. FIDFyps Rera5 Pr" /b A Pb Prb AA A Nub.
J 

The coefficient CB has an estimated value of about 105 based on a universal turbulent buffer 
layer thickness 8+ of 30. However, it should be borne in mind that in view of the many 
simplifying assumptions which have been made in order to arrive at this model the estimated 
value of CB might well need to be adjusted to make modelling results fit observed behaviour. 

Again, the —ve sign applies for upward, flow and the —ve one for downward, flow. 

Notice that in Equation 12, the dimensionless groups Gab, Reb and Prb combine together in 

the manner Grt., /(Re?,'.5 Prt; 8) to form a buoyancy parameter Bob which in conjunction with 
the various property ratio terms shown characterises the strength of buoyancy influence under 
conditions of variable property mixed convection. 

Equation 12 can be written in the following condensed form 
_ 

i23 1446 
Nu

t=
 FvpkFvp3Fvp,  Nu I 1T CBI3o*,  

_i 
Nub. ° FTDFvpa Nub. 

... 

in which 

F vPt g
b 
Y , F A Nr1

Pb 
( 31 r

)-0.4 

and Fvp 
4 Pb0b 

pr

The effect of buoyancy on heat transfer given by Equation 13 is shown on Figure 1. 
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Figure 1 Predicted effect of buoyancy on heat transfer 

(13) 

As can be seen, if the parameter CHEso:Fv,,,Fv,,,Fvp. /(Fig vpd is sufficiently small 

Nub /Nub. tends to unity and the effect of buoyancy on heat transfer is negligible. Noting 
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The effect of buoyancy on heat transfer given by Equation 13 is shown on Figure 1. 

 
 

Figure 1  Predicted effect of buoyancy on heat transfer 
 
As can be seen, if the parameter )FF/(FFFBoC

2431 VPTDVPVPVP
*
bB is sufficiently small 

obb Nu/Nu tends to unity and the effect of buoyancy on heat transfer is negligible.  Noting 
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that Fvp 1 Fvp 4 and Fvp, are of order one, a criterion for the effect of buoyancy on heat transfer to 

be less than about 2% downstream of the thermal entry region is that CBBob*Fvp3 must be less 

than 0.04. Thus, in terms of the parameter Bob* (= Grb* Reb3.425 prbo.8‘ ) a criterion for buoyancy 

to have a negligible effect on heat transfer is 

Bob* < 4 x 10-7(r'r/Prb )0.4 (14) 

Furthermore, as can again be seen from Figure 1, and also from Equation 13, if for upward 
flow the parameter CBBob*Fvpi Fvp 3 Fvp 4 Fvp 2 reaches a value of about 0.4 severe impairment of 

heat transfer will be encountered, with Nub / Nub. being reduced to about 0.5. Thus, noting 

again that Fvpi Fvp2 Fvp3 and Fvp 4 are each of order unity, a criterion in terms of the buoyancy 

parameter Bob* (= Gr: Reb3.425prbo.8) for 'partial laminarisation' of a buoyancy-aided flow is 

Bob 4x10' 

The influence of buoyancy on convective heat transfer will be dominant when 

Bob 10-3

(15) 

(16) 

Then the model yields an expression for Nub which is independent of flow rate and takes the 
form 

Nu b = CGr:023 Drb0.23 
l  rvp (17) 

in which Fvp is a combined property ratio term. Note the similarity between this equation 
and those which are used to describe turbulent free convection from vertical heated surfaces. 

For conditions of mixed convection under conditions of negligible non-uniformity of fluid 
properties Equation 13 reduces to 

Nub NU 
1 -T C,Bob b

-2.1
10.46 

(18) = 

Nub. Nu b.

which is the result obtained earlier by the present author for fully developed, constant 
property mixed convection using a similar but simpler analysis (see Reference 2). 

In conclusion, we next consider how the model might be used to produce results which can 
be compared with experimental data. To do this we need to be able to calculate the 
distribution of wall temperature Tw for variable property, buoyancy influenced flow and heat 
transfer using Equation 13. 

Firstly, the pressure and temperature of the fluid entering the tube must be specified and also 
the mass flow and wall heat flux qw. This information enables the axial distribution of bulk 
enthalpy hb of the fluid, and hence its bulk temperature Tb, to be determined by using the 
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which is the result obtained earlier by the present author for fully developed, constant 
property mixed convection using a similar but simpler analysis (see Reference 2). 
 
In conclusion, we next consider how the model might be used to produce results which can 
be compared with experimental data.  To do this we need to be able to calculate the 
distribution of wall temperature Tw for variable property, buoyancy influenced flow and heat 
transfer using Equation 13. 
 
Firstly, the pressure and temperature of the fluid entering the tube must be specified and also 
the mass flow and wall heat flux qw.  This information enables the axial distribution of bulk 
enthalpy hb of the fluid, and hence its bulk temperature Tb, to be determined by using the 
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steady flow energy equation (conservation of energy). Then, values of Reb, Prb, Grb* and 

Bob* can be found at any axial location x/d. 

Next, the axial distribution of Nusselt number Nub. for variable property forced convection 

with negligible influence of buoyancy should be determined using Equation 10. In that 
equation, the thermal entry development factor FiD can be determined for any axial location 
x/d, knowing Reb and Prb. The determination of the variable property correction factor for 
forced convection Fvp, involves knowing Tw as well as Tb and thus an iterative computational 

procedure needs to be employed using Equation 10 to determine Tw and hence Nub. and Fvp, . 

Finally, the unknown variable Nub in the model equation for variable property buoyancy-
influenced flow and heat transfer, (Equation 13), should be expressed in terms of the 
unknown variable Tw by replacing it by qwd/(kb (Tw - Tb)) . Tw is the unknown variable in 

the expression. Thus, Bob*, ETD  ,Nub. and F are parameters which have been determined at 

this stage. The property ratio terms Fri ,Fvp,and Fvp 4 are all functions of the unknown 

variable Tw and also involve Tb, which is known. Thus, with these changes Equation 13 is a 
non-linear algebraic equation from which local values of the unknown variable Tw can be 
determined at any specified axial location x/d using standard iterative computational 
procedures. The process can conveniently be initiated at x=0, where Tw has a value equal to 
the fluid temperature at entry, and continues step by step along the tube using the converged 
value of Tw at each location as the initial value at the next one. Nub can be determined at each 
stage using the converged value of Tw in the expression qwd/(kb(Tw -Tb)). 

3. Accounting for the inertia effects associated with velocity profile development under 
the action of buoyancy during laminarisation with upward flow 

As seen in Section 2, the physically-based, semi-empirical model of variable property mixed 
convection heat transfer in a vertical heated tube led to an non-linear algebraic expression, 
Equation 13, relating Nusselt number ratio Nub/Nub0 to a buoyancy function consisting of a 

parameter Bo*b(= Grb*/(Reb3.425prbo.8, )) a thermal development factor FiD and four property ratio 

terms. The variation of Nub/Nub. with that function shown on Figure 1 provides a detailed 

picture of fully developed, variable property mixed convection in vertical tubes for upward 
and downward flow. It covers the entire mixed convection range from forced convection 
with negligible influence of buoyancy to buoyancy-dominated convection where the 
effectiveness of heat transfer becomes the same as that for free convection, being independent 
of the direction of the imposed rate of flow and, as a consequence of this is, independent of 
the direction of the imposed flow. 

For downward flow, buoyancy in the near-wall region opposes the imposed motion with the 
result that in the region where turbulent eddies are mainly produced shear stress is caused to 
increase so that the turbulence in the flow is increased and turbulent diffusion of heat is 
enhanced. This effect builds up systematically as the conditions are varied so as to strengthen 
the influence of buoyancy. Thus, Nub/Nub. increases systematically. 
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with negligible influence of buoyancy to buoyancy-dominated convection where the 
effectiveness of heat transfer becomes the same as that for free convection, being independent 
of the direction of the imposed rate of flow and, as a consequence of this is, independent of 
the direction of the imposed flow.  
 
For downward flow, buoyancy in the near-wall region opposes the imposed motion with the 
result that in the region where turbulent eddies are mainly produced shear stress is caused to 
increase so that the turbulence in the flow is increased and turbulent diffusion of heat is 
enhanced.  This effect builds up systematically as the conditions are varied so as to strengthen 
the influence of buoyancy.  Thus, 

obb/NuNu increases systematically. 
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For upward flow, buoyancy in the near-wall region aids the imposed motion, shear stress is 
caused to decreases in the region where turbulent eddies are mainly produced, the turbulence 
in the flow is reduced and turbulent diffusion of heat is impaired. The effect again builds up 
systematically with increase of buoyancy influence so that Nub/Nub. falls, until a critical 

value of the buoyancy function is reached where according to the model there is a sudden 
change as the modulus signs in Equation 13 come into action. Then, according to the model, 
discontinuous transition occurs to an operating point on the lower curve on Figure 1 at some 
increased value of the buoyancy function. A step decrease of Nub/Nub0 occurs associated 

with which would be a sudden change in the radial distributions of shear stress, with this 
becoming negative in the core flow, so that the velocity profile then inverted in that region. 
However, we need to remember that in the derivation of the model a simplified equation of 
motion was used in which the inertia terms were omitted. In practice, such a discontinuous 
change will not happen because of the inertia of the fluid. Therefore, a method needs to be 
devised to bridge this transition. 

To do this it is necessary to find a way of estimating the finite axial length scale over which 
this change of velocity profile might actually be achieved as a result of inertia effects. An 
approach is proposed whereby the reduction in Nub/Nub. associated with that predicted by 

the model as a result of the discontinuous change is determined first. Then the axial distance 
over which a similar reduction in Nub/Nub0 has occurred just prior to the discontinuous 

change can be found and used as the axial distance over which the change of velocity profile 
occurs beyond the transition location. A simple exponential function decaying with axial 
distance downstream of that location will be used to calculate local values of Nub/Nub. in a 

step by step calculation to bridge the transition over such a distance. The difference between 
that Nusselt number ratio and the one calculated using the model for the same value of 
buoyancy function decays with axial distance and the ratio eventually follows the model. 
Hence, wall temperatures will be calculated over the bridging region and beyond it with a 
smooth transition onto the lower curve of the model. 

4. Extension of the model to include developing buoyancy-influenced heat transfer 

The model of fully developed, variable property mixed convection in a heated vertical tube 
presented in Section 2 involved the assumption that the inertia terms in the equation of 
motion could be neglected. Thus, the applicability of that model is limited to locations 
sufficiently far downstream in the tube where a pseudo-developed flow condition is 
approached. In practice, it is found that, with downward flow, such a condition is readily 
achieved about 20 diameters downstream from the start of heating but with upward 
(buoyancy-aided) flow it takes about 50 diameters (see below). 

Figure 2 shows some sample results for four values of buoyancy parameter Bob* from a 

detailed study of mixed convection heat transfer to air in a very long, uniformly heated 
vertical tube with upward and downward flow, Li [7]. They are presented in the form of 
plots of local Nusselt number Nub versus dimensionless axial distance x/d from the start of 
heating. Also shown are distributions of Nusselt number Nub0 for developing, variable 

property forced convection with negligible influence of buoyancy (the chain-dashed curves). 
These were calculated using an empirical equation for such conditions established from 
experimental data obtained in the course of that study. As can be seen, the trends of 
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For upward flow, buoyancy in the near-wall region aids the imposed motion, shear stress is 
caused to decreases in the region where turbulent eddies are mainly produced, the turbulence 
in the flow is reduced and turbulent diffusion of heat is impaired.  The effect again builds up 
systematically with increase of buoyancy influence so that 

obb/NuNu falls, until a critical 
value of the buoyancy function is reached where according to the model there is a sudden 
change as the modulus signs in Equation 13 come into action.  Then, according to the model, 
discontinuous transition occurs to an operating point on the lower curve on Figure 1 at some 
increased value of the buoyancy function. A step decrease of 

obb/NuNu occurs associated 
with which would be a sudden change in the radial distributions of shear stress, with this 
becoming negative in the core flow, so that the velocity profile then inverted in that region.   
However, we need to remember that in   the derivation of the model a simplified equation of 
motion was used in which the inertia terms were omitted.  In practice, such a discontinuous 
change will not happen because of the inertia of the fluid.  Therefore, a method needs to be 
devised to bridge this transition. 
 
To do this it is necessary to find a way of estimating the finite axial length scale over which 
this change of velocity profile might actually be achieved as a result of inertia effects.  An 
approach is proposed whereby the reduction in 

obb/NuNu associated with that predicted by 
the model as a result of the discontinuous change is determined first.  Then the axial distance 
over which a similar reduction in 

obb/NuNu has occurred just prior to the discontinuous 
change can be found and used as the axial distance over which the change of velocity profile 
occurs beyond the transition location.  A simple exponential function decaying with axial 
distance downstream of that location will be used to calculate local values of 

obb/NuNu in a 
step by step calculation to bridge the transition over such a distance.  The difference between 
that Nusselt number ratio and the one calculated using the model for the same value of 
buoyancy function decays with axial distance and the ratio eventually follows the model.  
Hence, wall temperatures will be calculated over the bridging region and beyond it with a 
smooth transition onto the lower curve of the model.   
 
4.   Extension of the model to include developing buoyancy-influenced heat transfer 
 
The model of fully developed, variable property mixed convection in a heated vertical tube 
presented in Section 2 involved the assumption that the inertia terms in the equation of 
motion could be neglected.  Thus, the applicability of that model is limited to locations 
sufficiently far downstream in the tube where a pseudo-developed flow condition is 
approached.  In practice, it is found that, with downward flow, such a condition is readily 
achieved about 20 diameters downstream from the start of heating but with upward 
(buoyancy-aided) flow it takes about 50 diameters (see below). 
 
Figure 2 shows some sample results for four values of buoyancy parameter *

bBo  from a 
detailed study of mixed convection heat transfer to air in a very long, uniformly heated 
vertical tube with upward and downward flow, Li [7].  They are presented in the form of 
plots of local Nusselt number Nub versus dimensionless axial distance x/d from the start of 
heating.  Also shown are distributions of Nusselt number 

obNu for developing, variable 
property forced convection with negligible influence of buoyancy (the chain-dashed curves).  
These were calculated using an empirical equation for such conditions established from 
experimental data obtained in the course of that study.  As can be seen, the trends of 
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impairment and enhancement of heat transfer due to buoyancy described earlier in the 
introductory section of this paper are clearly evident. With downward flow systematic 
enhancement of heat transfer occurs and a fully developed condition is readily achieved for 
x/d values greater than 20. With upward flow impairment of heat transfer with increase of 
buoyancy influence is followed recovery and then enhancement. A pseudo-developed mixed 
convection condition is eventually achieved but only for values of x/d greater than about 50. 
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Figure 2 Impairment and enhancement of turbulent mixed convection heat transfer to air at 
atmospheric pressure in a heated vertical tube, Li, [7] 

Figure 3 shows downward flow data for x/d greater than 20 plotted in the form 
Nub/Nub. versus Bobalong with the curve obtained for that flow configuration from the 

constant properties version of the model (Equation 18) with the coefficient CB assigned the 
value 1.5x10-5. As can be seen, the data correlate extremely well and are closely fitted by the 
model equation. Thus the constant property, model of mixed convection is able to describe 
the experimental data for fully developed mixed convection with downward flow remarkably 
well. 
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Figure 3 Correlation of experimental data and comparison with semi-empirical model 
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impairment and enhancement of heat transfer due to buoyancy described earlier in the 
introductory section of this paper are clearly evident.  With downward flow systematic 
enhancement of heat transfer occurs and a fully developed condition is readily achieved for 
x/d values greater than 20. With upward flow impairment of heat transfer with increase of 
buoyancy influence is followed recovery and then enhancement. A pseudo-developed mixed 
convection condition is eventually achieved but only for values of x/d greater than about 50.   

 
Figure 2  Impairment and enhancement of turbulent mixed convection heat transfer to air at 
atmospheric pressure in a heated vertical tube, Li, [7] 
 
 
Figure 3 shows downward flow data for x/d greater than 20 plotted in the form 

obb/NuNu versus *
bBo along with the curve obtained for that flow configuration from the 

constant properties version of the model (Equation 18) with the coefficient CB assigned the 
value 1.5x10-5.  As can be seen, the data correlate extremely well and are closely fitted by the 
model equation.  Thus the constant property, model of mixed convection is able to describe 
the experimental data for fully developed mixed convection with downward flow remarkably 
well.  

 
Figure 3  Correlation of experimental data and comparison with semi-empirical model 
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Figures 4(a), (b), (c) and (d) show experimental values for upward flow of Nub /Nub0 for 

particular values of x/d from each test plotted against Bob* . As can be seen, the maximum 

impairment of heat transfer increases with increase of x/d. For x/d=11.9 it is only about 20% 
but for x/d=26.6 it is over 40% and for xid=41.3 it is over 50%. It can also be seen from the 
curves shown along with the data, which were obtained using the fully developed constant 
property model of mixed convection (Equation 18) completely fail to reproduce observed 
behaviour for x/d=11.9, do somewhat better for x/d=26.6 and do quite well in terms of 
matching the maximum impairment of heat transfer and following the general trends of the 
experimental data for x/d=41.3 and 56.0. A pseudo-developed condition has then been 
approached. 
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Clearly the model of fully developed mixed convection does quite well in correlating and 
fitting data from the experimental investigation of Li [7] for conditions where such a fully 
developed mixed convection condition is approached. However, there is a need to consider 
how it might be modified to extend its coverage to include developing mixed convection. 

5. An extended version of the model to include developing mixed convection 

Two different approaches have been devised with a view to extending the model to cover 
developing mixed convection. The first one applies a rising scaling factor F(x/d 1-exp(-
A(x/d)), to the index 0.46 in Equation 13 and associated with this change the index 2.1 is 
modified to 1.1/F(x/d)+1. Thus, the extended version of Equation 13 becomes 

Nub = 

Nub.
1; CBBo:F5HN1

Nub.

) -(1 /0.92F(X)+1) 
10.46F(X) 

J 

in which F4 = F vpi Fvp3Fvp4 fflvp2 and Xis dimensionless axial distance x/d. 

(19) 

The parameter A which controls the distance over which the scaling factor rises and 
asymptotes to unity has initially been assigned a value 0.1 but this might need to be modified 
to really optimise the performance of the model. Figure 5 shows the manner in which the 
scaling function F(X) increases with X. 
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Figure 5 Variation of the scaling function with axial location 

Equation 19 gave the family of curves of Nusselt number ratio Nub /Nub. versus 

FB(= CHBo:F4) for a range of values of X shown on Figures 6(a) and 6(b), respectively for 

upward and downward flow. For X=10 to X=40 they broadly reproduce the trends seen in 
the data of Li [7] shown on Figures 3 and 4. 
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Clearly the model of fully developed mixed convection does quite well in correlating and 
fitting data from the experimental investigation of Li [7] for conditions where such a fully 
developed mixed convection condition is approached.  However, there is a need to consider 
how it might be modified to extend its coverage to include developing mixed convection. 
    
5.  An extended version of the model to include developing mixed convection 
 
Two different approaches have been devised with a view to extending the model to cover 
developing mixed convection.  The first one applies a rising scaling factor F(x/d)=1-exp(-
A(x/d)), to the index 0.46 in Equation 13 and associated with this change the index 2.1 is 
modified to 1.1/F(x/d)+1.    Thus, the extended version of Equation 13 becomes  
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in which 
2431 VPVPVPVP4 /FFFFF = and X is dimensionless axial distance x/d. 

The parameter A which controls the distance over which the scaling factor rises and 
asymptotes to unity has initially been assigned a value 0.1 but this might need to be modified 
to really optimise the performance of the model.  Figure 5 shows the manner in which the 
scaling function F(X) increases with X. 
 

 
Figure 5  Variation of the scaling function with axial location 

 
 
Equation 19 gave the family of curves of Nusselt number ratio 

obb Nu/Nu versus 

)FBoC(FB 4
*
bB= for a range of values of X shown on Figures 6(a) and 6(b), respectively for 

upward and downward flow.  For X=10 to X=40 they broadly reproduce the trends seen in 
the data of Li [7] shown on Figures 3 and 4.   
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Figure 6 Nub /Nub. versus CBBobsF4 using the first approach (a) upward and (b) downward 

flow 

The second approach simply uses the same factor F(X) to scale the normalised relative 
Nusselt number (Nub — Nubo )Nub. given by the fully developed model. Thus 
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in which (Nub / Nub) rd is given by Equation 13. 

(20) 

The resulting family of curves of Nub / Nub. versus FB(= CBBo:F4) for a range of values of X 

for upward and downward flow is shown on Figures 7(a) and 7(b), respectively. 
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Figure 7 Behaviour predicted by the second approach for (a) upward and (b) downward flow 

Again, for X=10 to X=40 they broadly reproduce the trends of the variation of 
Nub /Nub. versus CBBosbF4 seen in the experimental work of Li [7] shown on Figures 3 and 4. 

6. Mixed convection heat transfer to water at supercritical pressure 

The extended model presented here is being evaluated using some experiments on mixed 
convection heat transfer to water at a supercritical pressure of 250 bar in a vertical tube of 
inside diameter 25.4mm from a detailed study of mixed convection heat transfer with upward 
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6.  Mixed convection heat transfer to water at supercritical pressure 
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inside diameter 25.4mm from a detailed study of mixed convection heat transfer with upward 
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and downward flow carried out Watts, [9]. The tube was uniformly heated over a length of 
2m by passing electricity along it from a variable power AC power supply system. 
Measurements of the temperature of the surface of the test section were made at 50 locations 
using chromel-alumel thermocouples with the two wires of each pair resistance-welded to the 
outside of the tube. The measured values were corrected to account for the temperature drop 
across the tube wall material. Mineral-wool thermal insulation of thickness 60mm was used 
to minimise heat losses from the outside of the test section. 

Figure 8 shows some typical results which exhibit very different behaviour for upward and 
downward flow due to the influence of buoyancy. Heat transfer for upward flow is generally 
impaired in relation to that for downward flow. The development of localised peaks on the 
wall temperature distribution for upward flow is clearly evident whereas for downward flow 
no significant non-uniformity is seen. 
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and downward flow carried out Watts, [9].  The tube was uniformly heated over a length of 
2m by passing electricity along it from a variable power AC power supply system.  
Measurements of the temperature of the surface of the test section were made at 50 locations 
using chromel-alumel thermocouples with the two wires of each pair resistance-welded to the 
outside of the tube.  The measured values were corrected to account for the temperature drop 
across the tube wall material.  Mineral-wool thermal insulation of thickness 60mm was used 
to minimise heat losses from the outside of the test section. 
 
Figure 8 shows some typical results which exhibit very different behaviour for upward and 
downward flow due to the influence of buoyancy.  Heat transfer for upward flow is generally 
impaired in relation to that for downward flow.  The development of localised peaks on the 
wall temperature distribution for upward flow is clearly evident whereas for downward flow 
no significant non-uniformity is seen. 
 
 

 

 
 
Figure 8  Developing mixed convection heat transfer to water at 250 bar for upward 
and downward flow; tube bore 22.5mm and mass velocity 380 kg/m2s, Watts [9] 
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Concluding remarks 

The computational work aimed at validating the model of developing mixed convection heat 
transfer described here is still in progress. It involves determining the values of the buoyancy 
coefficient CB and the decay constants which optimise the agreement between modelling 
results and experimentally observed behaviour. 

Nomenclature 

a Radius of tube (=d/x), m 
A Decay constant in Equation 5 
Ac* Qt 4Rebi.625 Prb )) Acceleration parameter 

cp Specific heat at constant pressure, kJ/kgK 
Bo* Buoyancy parameter Grb* /(Reb1425 Prb.8 ) 

CA Acceleration coefficient 
CB Buoyancy coefficient 
d Tube diameter, m 

g * Acceleration due to gravity, m/s2
Grb Grashof number (= gfibqwd 4 /(kb Vb2 )) 

f Friction factor 
Fg Gravitational group (= gd3 Ivb2) 

FB Buoyancy function (= C BBO:F4

FTD Thermal development function (defined below Equation 2) 
Variable property function ( (g/pb )651 p by1/2 ) 

Fr„,2 Variable property function (= (pw Ipb )0.3 (Up lci,b ) CI.4 ) 

FT„,3 Variable property function (= (Pr/Prb )-°.4

Fv, 4 Variable property function (= (Pfi /(Pb/ab )) 

F4 Combined function of (= FvpiFvp3Fvp4 / Fp ) 

k Thermal conductivity, kW/mK 
Kl Coefficient in Equation 6 
K2 Coefficient in Equation 10 
mi Index in Equation 6 
m2 Index in Equation 10 
m3 Index in Equation 9 (=m1+m2) 
m4 Index in Equation 8 (=m2/(2-ml)) 
m5 Index in Equation 9 (=1/((2m4)+1)) 
Nub Nusselt number (= q„,d 1(kb (T„,—Tb ))) 

Nub  Nusselt number for variable property forced convection (= qwd 1(k(Two —Tb ))) 

P Pressure, MPa 
Prb Prandtl number (= pbcpb I kb) 

qw Wall heat flux, kW/m2

Qb Thermal loading parameter (= q„,d/3 b I kb ) 

Reb Reynolds number (= pbubd I ph ) 

Tb Local bulk temperature, °C 
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Concluding remarks 
 
The computational work aimed at validating the model of developing mixed convection heat 
transfer described here is still in progress.  It involves determining the values of the buoyancy 
coefficient CB and the decay constants which optimise the agreement between modelling 
results and experimentally observed behaviour.   
 
Nomenclature  
 
a Radius of tube (=d/x), m 
A Decay constant in Equation 5 
Ac* Acceleration parameter ))Pr/(Re( 625.1*

bbQ=  
cp Specific heat at constant pressure, kJ/kgK 
Bo* Buoyancy parameter )Pr/(Re 8.0425.3*

bbbGr  
CA Acceleration coefficient 
CB Buoyancy coefficient 
d Tube diameter, m 
g Acceleration due to gravity, m/s2 

*
bGr  Grashof number ))/(( 24

bbwb kdqg νβ=  
f Friction factor  
Fg Gravitational group )/( 23

bgd ν=  
FB Buoyancy function )( 4

*FBoC bB=  
FTD Thermal development function (defined below Equation 2) 

1VPF  Variable property function ( 2/1)/)(/( −
bb ρρμμ ) 

2VPF  Variable property function ))/()/(( 4.03.0
bppbw ccρρ=  

3VPF   Variable property function 4.0)Prr/P(( −= b  

4VPF  Variable property function ))/((( bbβρρβ=  
F4 Combined function of )/(

2431 VPVPVPVP FFFF=  
k Thermal conductivity, kW/mK 
K1 Coefficient in Equation 6 
K2 Coefficient in Equation 10 
m1           Index in Equation 6 
m2           Index in Equation 10  
m3           Index in Equation 9 (=m1+m2) 
m4           Index in Equation 8 (=m2/(2-m1)) 
m5       Index in Equation 9 (=1/((2m4)+1)) 
Nub Nusselt number )))(/(( bwbw TTkdq −=  

obNu  Nusselt number for variable property forced convection )))(/(( bww TTkdq
o
−=   

P Pressure, MPa 
Prb Prandtl number )/( bpb kc

b
μ=  

qw Wall heat flux, kW/m2 
*
bQ  Thermal loading parameter )/( bbw kdq β=  

Reb Reynolds number )/( bbb du μρ=  
Tb Local bulk temperature, oC 
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Tw
Ub 

X 

Y 

Local wall temperature, °C 
Local bulk velocity 
Dimensionless axial coordinate (=x/d) 
Transverse coordinate (measured inwards from wall), m 

Greek symbols 

R Thermal expansion coefficient (= —(1/ p)(ap 1 aT) p ) 

µ Viscosity, kg/ms 
v Kinematic viscosity, m2/s 
p Density, kg/m3
8 Turbulent buffer layer thickness, II1 
OT Thermal layer thickness, m 
T Shear stress, N/m2
t w Wall shear stress, N/m2

Subscripts 
b Denotes properties evaluated at the bulk temperature 
fd Denotes fully developed condition 
in Denotes properties evaluated at the inlet fluid temperature 
pc Denotes properties evaluated at the pseudocritical temperature 
w Denotes properties evaluated at the wall temperature 

Superscripts 
Bar on top of a property symbol denotes that it is integrated over the range between 
the wall and the bulk temperature 

+ Denotes thickness of buffer layer in universal wall coordinate form, 5+ =pbrwi/26./pb
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Tw Local wall temperature, oC 
ub Local bulk velocity 
X Dimensionless axial coordinate (=x/d) 
y   Transverse coordinate (measured inwards from wall), m  
 
Greek symbols 
β  Thermal expansion coefficient ))/)(/1(( pT∂∂−= ρρ  
µ  Viscosity, kg/ms  
ν  Kinematic viscosity, m2/s  
ρ  Density, kg/m3 
δ  Turbulent buffer layer thickness, m  
δT Thermal layer thickness, m 
τ Shear stress, N/m2  
τw Wall shear stress, N/m2 
 
Subscripts  
b  Denotes properties evaluated at the bulk temperature  
fd Denotes fully developed condition 
in  Denotes properties evaluated at the inlet fluid temperature  
pc Denotes properties evaluated at the pseudocritical temperature  
w Denotes properties evaluated at the wall temperature  
 
Superscripts 
-   Bar on top of a property symbol denotes that it is integrated over the range between 

the wall and the bulk temperature  
+ Denotes thickness of buffer layer in universal wall coordinate form,  bwb μδτρδ /2/1=+  
 
References 
 
[1] Jackson, J.D., Cotton, M.A. and Axcell, B.P., Studies of mixed convection in vertical 

tubes, International Journal of Heat and Fluid Flow, Vol. 10, No. 1, pp 2-15, 1989. 
[2] Jackson, J.D., Studies of buoyancy-influenced turbulent flow and heat transfer in 

vertical passages, Keynote Lecture Proc. 13th International Heat Transfer Conference, 
Sydney, Australia, 2006. 

[3] Jackson, J.D. and Hall, W.B., Forced convection heat transfer to fluids at supercritical 
pressure, Turbulent Forced Convection in Channels and Bundles (eds. S. Kakac and 
Spalding D.B., Hemisphere Publishing Corporation, USA), pp 563-611, 1979. 

[4] Jackson, J.D. and Hall, W.B., Influences of buoyancy on heat transfer to fluids 
flowing in vertical tubes under turbulent conditions.  Turbulent Forced Convection in 
Channels and Bundles (eds. S. Kakac, and D.B. Spalding, Heminsphere Publishing 
Corporation, USA), pp 613-640, 1979. 

[5] Petukhov, B.S. and Polyakov, A.F., Heat transfer in Turbulent Mixed Convection 
(edited by B.E. Launder), Published by Hemisphere Publishing Corporation, 1988. 

 [6] Krasnoshchekov, E.A. and Protopopov, V.S., Experimental study of heat exchange in 
carbon dioxide in the supercritical range at high temperature drops, Teplofizika 
Vysokikh Temperatur, 4(3), 1966. 

[7] Li, J.,  Studies of Buoyancy Influences Convective Heat Transfer to Air in a Vertical 
Tube, PhD Thesis, University of Manchester, UK, 1994.  



The 5th Int. Symp. SCWR's (ISSCWR-5) P104 
Vancouver, British Columbia, Canada, March 13-16, 2011 

[8] Li, J. and Jackson, J. D., Buoyancy-influenced variable property turbulent heat 
transfer to air flowing in a uniformly heated vertical tube, 2' EF Conference on 
Turbulent Heat Transfer, Manchester, UK, 1998. 

[9] Watts, M.J., Heat transfer to supercritical pressure water: Mixed convection with 
upflow and downflow in a vertical tube, PhD Thesis, University of Manchester, UK, 
1980. 

Acknowledgements 

Financial support provided by the IAEA on the work reported here under Technical Contracts 
No. 15168 and 16162 is gratefully acknowledged. 

16 

The 5th Int. Symp. SCWR’s (ISSCWR-5)  P104  
Vancouver, British Columbia, Canada, March 13-16, 2011 
 

 16

[8] Li, J. and Jackson, J. D., Buoyancy-influenced variable property turbulent heat 
transfer to air flowing in a uniformly heated vertical tube, 2nd EF Conference on 
Turbulent Heat Transfer, Manchester, UK, 1998.  

[9] Watts, M.J., Heat transfer to supercritical pressure water: Mixed convection with 
upflow and downflow in a vertical tube, PhD Thesis, University of Manchester, UK, 
1980. 

 
Acknowledgements   
 
Financial support provided by the IAEA on the work reported here under Technical Contracts 
No. 15168 and 16162 is gratefully acknowledged. 
 


