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Abstract. 

A set of air-water experiments have been performed under isothermal upward concurrent flow 
in a vertical column. The interfacial velocity, interfacial area of the bubbles and the void fraction 
distributions was obtained. Numerical validation of these results for bubbly flow conditions were 
performed by coupling a Lagrangian code which tracks the 3D motion of the individual bubbles, 
with an Eulerian one. Both Lagrangian and Eulerian calculations were performed in parallel and 
iterative self-consistent method was developed. The bubbles-induced turbulence is an important 
issue considered, to obtain good predictions of experimental results. 

Introduction 

In order to have good predictions of the bubble's motion inside the reactor channels it is required 
the correct description of the interactions between the dispersed and the continuous phases [1]. 
Many experimental measurements, and numerical simulations have been performed in recent 
years to better understand the bubble behaviour in vertical gas-liquid flows [1], [2],[3], [4], and 
[5]. A better knowledge of the different forces that act on the bubbles moving in a continuous 
turbulent random fluid field is of importance for a complete description of the bubble's motion 
and to obtain for instance the radial and axial void fraction distribution, and the gas phase 
velocity profiles inside the reactor channels [6]. A set of upward co-current air-water flow 
experiments in a vertical pipe of 52 mm internal diameter was performed at Universidad 
Politecnica de Valencia ( Spain ). Local measurements of void fraction, interfacial area 
concentration (IAC), interfacial velocity and Sauter mean diameter were measured using a four 
sensor conductivity probe. Numerical simulations of these experiments for bubbly flow 
conditions were performed by coupling a Lagrangian code, that tracks the 3D motion of the 

individual bubbles (r.' 614z) , to an Eulerian model In a semi two way coupling manner. The 
velocity and turbulence fields of the liquid phase were computed by solving the time dependent 
mass, and momentum conservation equations in its Reynolds Averaged Transport Equation form 
(RANS). The turbulent kinetic energy k, and the dissipation rate & transport equations were 
simultaneously solved by using the k, epsilon model in a (r,z) structured grid by the finite 
volume method using the SIMPLER algorithm. The Hybrid differencing scheme was used for 
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Abstract. 
 

A set of air-water experiments have been performed under isothermal upward concurrent flow 
in a vertical column.  The interfacial velocity, interfacial area of the bubbles and the void fraction 
distributions was obtained. Numerical validation of these results for bubbly flow conditions were 
performed by coupling a Lagrangian code which tracks the 3D motion of the individual bubbles, 
with an Eulerian one. Both Lagrangian and Eulerian calculations were performed in parallel  and 
iterative self-consistent method was developed. The bubbles-induced turbulence is an important 
issue considered, to obtain good predictions of experimental results. 
 
 

Introduction 
 
In order to have good predictions of the bubble’s motion inside the reactor channels it is required 
the correct description of the interactions between the dispersed and the continuous phases [1]. 
Many experimental measurements, and numerical simulations have been performed in recent 
years to better understand the bubble behaviour in vertical gas-liquid flows [1], [2],[3], [4], and 
[5]. A better knowledge of the different forces that act on the bubbles moving in a continuous 
turbulent random fluid field is of importance for a complete description of the bubble’s motion 
and to obtain for instance the radial and axial void fraction distribution, and the gas phase 
velocity profiles inside the reactor channels [6]. A set of upward co-current air-water flow 
experiments in a vertical pipe of 52 mm internal diameter was performed at Universidad 
Politécnica de Valencia ( Spain ). Local measurements of void fraction, interfacial area 
concentration (IAC), interfacial velocity and Sauter mean diameter were measured using a four 
sensor conductivity probe. Numerical simulations of these experiments for bubbly flow 
conditions were performed by coupling a Lagrangian code, that tracks the 3D motion of the 
individual bubbles , to an Eulerian model In a semi two way coupling manner. The 
velocity and turbulence fields of the liquid phase were computed by solving the time dependent 
mass, and momentum conservation equations in its Reynolds Averaged Transport Equation form 
(RANS). The turbulent kinetic energy k, and the dissipation rate  ε   transport equations were 
simultaneously solved by using the k, epsilon model in a (r,z) structured grid by the finite 
volume method using the SIMPLER algorithm. The Hybrid differencing scheme was used for 
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modelling the convective terms, and the TDMA method was used for solving discretized 
equations with maximum residual of 1E-4. 

1. The Lagrangian model for tracking the bubbles 

1.1 The forces acting on a single bubble 

The bubble motion in cylindrical coordinates (r, 0, z) in the fluid field is governed by the 

Newton's second law of motion which is governed by the following set of equations: 

1:11:14-111:11:11:11:111(11-111 02)111=000,11 (1) 

1:11:14-111:11:11:11:111(ffl 114-200)0=00111,111 (2) 

1:11:14-111:11:11:11:11:11:11:1=1:11:111,111 (3) 

Where cis the coefficient of the virtual mass force which is assumed equal to 0.5, Vb is the 

volume of the bubble and Fi Fie,Fiz are the radial, azimuthal and axial components of the i-th 

force acting on the bubble respectively, and the point on the coordinate components means 
derivation with respect to the time. 

The main forces that act on the bubble are the buoyancy force, the drag force, the lift force, 
the wall-lubrication force and the deformation force. The buoyancy force acting on the bubble is 
directed in the positive axial direction and its components are given by: 

1:1111:1=0, 111111:1=0, 111:11:1=1:11:1(1111-1M111 (4) 

The Drag force taken the formula presented by [7]. The next force is the lift force PLF
due to the motion of a particle in a fluid field with a velocity gradient in the lateral direction to 
the main axial motion. This lift force is given according to by the following expression: 

1:11:11:1=-1:111 1111 (5) 

Where DO is the bubble velocity, DO is the liquid velocity, iv is the vorticity of the liquid 
velocity field, and CT is the Tomiyama lift force coefficient , [8], The vorticity in cylindrical 
coordinates is computed by means of the expression: 

1:1=1:1111:111 1:11:1=/[1111:11:11:11:11:111ooffloctlool1001:11:11:1(0) =-A1:11:1(0) a111111 (6) 

Because the CFD calculations shows that the velocity profile is logarithmic, we have assumed 
that the average fluid velocity profile in the z direction that is being used to compute the vorticity 
depends on the radial coordinate in the developed flow region. Then, the lift force inside a pipe 
can be computed by means of the following expression: 
1:11:11:1=1:11:1 1:11:1 1:11:11:11:1111-111:11:141:1111-111 11111, 111111 0<11<111- 511 11* MCI 1111
1:11:11:11:1111-111:11:1421:11:1111, Mil III- 511 4<lil<111 4=11 11=511=0.14 

(7) 
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Where �� is the bubble velocity, �� is the liquid velocity, is the vorticity of the liquid 
velocity field, and CT is the Tomiyama lift force coefficient , [8], The vorticity in cylindrical 
coordinates is computed by means of the expression: 
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The next force considered in the model is the bubble deformation force. According to [1]. To 
compute this force we have assumed a bubble that when approaching and touching the walls 
deforms and adopts an oblate shape as displayed at figure 1. After some mathematical 
manipulations described in details in [ 9] the final form of this force will be as follows: 

0000 =-a0(0) ail II 11=211 111111111111211111111111111 (8) 

where we have defined the following function that depends only on Rb/y, because fi depends 
also on Rb/y 

11=112112-10.5=110303-10.3 (9) 

1111111111=-/+/2111111h-i01111110 -32+3200032 /115211110h-ill-111+11212 (10) 

This deformation force fki  is directed toward the centre of the tube and after the bubble 

compression can provoke the bouncing of the bubble as showed in Zaruba et al experiments [1]. 

Wall

R, 

... .. ....... 

Figure 1 Bubble deforming while is gravity center approach 
to the wall 

The last force considered is the wall lubrication force. At the wall, the drainage rate between 
the bubble and the wall is slower than the other side due to wall non-slip condition. As a result, 
the bubble suffers a hydrodynamic force known as wall lubrication force. The expression for this 
force was first deduced by [10], and then improved by [4]: 

1111111111-1111112111111111111 (11) 

The coefficient in [8] for the wall lubrication force is given in terms of the bubble Reynolds 
number Reb and the Eotvos bubble number, Eob, And the function f,, (r) , that defines the wall 

lubrication forces near the wall are expressed as follows: 

7111111/.9,0.02/7 OD El 11111111=1111/11-0 2-/114-11 2 (12) 
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being R the tube radius and db the sphere equivalent radius of the bubble, Reb and Eob are the 

Reynolds and the Eiitvos numbers respectively for the bubble given by: 

000=00011-00000111, 1:11:11:1=0(1111-00)1112111 (13) 

1.2 The model of turbulent diffusion by eddies and the connection with the 
CFD model for the continuous phase. 

In this work, the time-averaged velocity and the turbulence properties are calculated by 
solving the RANS Navier-Stocks equations, and the k-E turbulence model, to build a statistical 
model that gives the instantaneous fluid fluctuation velocities that are seen by the bubbles in a 
Lagrangian frame. However, we must take also into account the turbulence induced by the 
bubbles. 

The liquid velocityiii = i:i/ +5; that appears in equations (5), and (11) is composed of an 

average parti:i/ that is computed solving the RANS equations and a fluctuating part ii; due to 

the eddies that is obtained by a continuous random walk model in 3D, with isotropic turbulence, 
that in the region where the flow is completely developed we have assumed obeys the following 
Langevin equation: 

00000=-000011,111 +20011,111 122111 MEI 3 Di (14) 

Where k(r,z) denotes the turbulent kinetic energy at point (r,z),. We have assumed to simplify 
the calculations, that there is not azimuthal dependency by the symmetry of the problem. 'rL is 
the characteristic time of the Lagrangian time scale correlation ( see [11] for details ). Finally the 

vector t( ,., e , Z ) denotes a Gaussian vector white noise random process, with components that 

are independent Gaussian random numbers. 

The model given by equation (14) assumes isotropic turbulence. The characteristic time r L is 

computed away from the boundary layer by the following expression: 

011111,111 =0./40(11,111) 111(11,111) Mil 04-(11-111) 0*00>/00 (15) 

At the boundary layer we have used the following expression computed by DNS by [12]: 

DO + 111,111 =/ 01:11:10 0+=0-0 1:1*01:1<5 
00+0,111 =7.122+0.5731E1+-0.00129E1+2 DOD 04-=0-111 0*0111 / 00 (16) 

u* 
Where the non-dimensional Lagrangian time scale is defined by rii= rL (

)2
. 

vi

Equation (13) is equivalent to the following stochastic differential equation system: 

000=-11000111,111 004-200111,111 122111 MEI 3 El CI (17) 
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Where dW is a 3 dimensional Wiener process. 
In order to compute the turbulence kinetic energy, we must also consider the turbulence 

induced by the bubbles in the liquid phase. We have assumed particulary that the turbulence 
kinetic energy induced by the bubbles depends on the void fraction and the Reynolds number for 
the bubbles, so we considered the total turbulence kinetic energy as: 

1:1=1:11:14-1:11:1 , 1:11:1=1:11:1111 CI Mil (18) 

Where kb introduces the turbulence induced by the bubbles. The value of Cm has been chosen 

equal to 5.5E-, this value provide good results for the experiments performed at a liquid velocity 
of 2m/s, as we will display later. However if we have assumed that DOD depends also on the 
gradient of the void fraction we may write: 

1:11:11:1=1:11:111/4-1:11:11:12VO (19) 

Where Cibi=2.0E-5, and Cm2=5.5E-5 by fine tuning with experimental results. These values 
provided good results for the experiments performed at 2 and 3 m/s. 

When the bubbles move in the axial direction inside the pipe they expand its size because the 
pressure exerted by the liquid column diminishes. This expansion is taken in account in our code 
considering the air inside bubbles behaves like a perfect gas. 

4 EXPERIMENTAL FACILITY, INSTRUMENTATION AND EXPERIMENTS 

4.1 Description of the experiments 

The experimental facility used to perform the experimental work is schematically illustrated in 
Figure 2. The test section is a round transparent tube of Plexiglas® with inner diameter of 52mm 
and height of 3340 mm. The air is supplied by an air compressor and it is introduced to the test 
section through a porous sinter element with an average pore size of 40µm installed below the mix 
chamber at the lower plenum. The air and water Temperature is kept constant during the test essay. 
More details of the experiments performed and instrumentation can be found in [9] and [13]. The 
experiments used for comparison in this work have the conditions as illustrated in table (1). 

Table 1 Experimental Flow Conditions 

jf =2.0 m/s 

jg [misj <a> [ % ] 

jf = 3.0 m/s 

j, [m/s] <a> [ % ] 

F03G01 0.209 3.69 F04G01 0.363 5.04 
F03G02 0.231 8.18 F04G02 0.407 9.76 
F03G03 0.268 14.90 
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Hint: the same experiments were made using four point probe to measure void fractions. the 
difference between F03G02, and FO3AG02 is that they were made with different configurations of 
the measuring probe as described in details in [12]. 

vcP Valwle Control Pres. 
vc VaNule Isolation test section 
CMR Flow Meassurement and Regulation inner diameter. 52 mm 
CM Flaw Meassurement 
131 Centrifugal Pump 

2 Centrifugal Pump 
TemperatureSensor 
Pressure Sensor 

S valve thermostatic 
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sr 

3 
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VC vc 
CM 

Bypass Air Supply 

Figure 2: PUMA Facility scheme 

3 Computational results and comparison with some experiments 

The dispersed phase is computed by tracking the bubbles along its trajectories. The bubbles are 
generated with a uniform distribution at the bottom of the pipe, the diameter of the bubbles is 
sampled uniformly in the interval [2.1mm,2.9mm] according to the experimental data for the 
Sauter Mean Diameter and collected in the top level of the pipe. The total number of bubbles 
tracked to compute the void fraction distribution is twenty thousand (20,000). 

The computational process is made a semi two way coupling algorithm in the following order; 
we start with the liquid turbulence alone in the continuous random walk model (CRW), then 
solving the RANS equations for the continuous phase and the Lagrangian model for the bubbles. 
We obtain a first iterated value for the void fraction distribution that is more peaked than the 
experimental one, because it does not take into account the random walk diffusion induced by 
the bubbles themselves. This distribution is used as an input to integrate the Lagrangian 
equations again, and in this way we obtain a second iterated value of the void fraction 
distribution. After three or four iterations the void fraction distribution converges and gives 
values that are close to the experimental ones. 

The predictions of the void fraction distribution is very good in all the points as shown in 
figures 12 to 21. The maximum position of the void fraction distribution and its value are also 
well predicted by the Eulerian-Lagrangian model developed in this paper. The point near the 
wall has been computed a little bit near the wall than the experimental value. However it seems 
that the experimental value is higher than the computed one. This difference is due to the bubbles 
with diameters smaller than 2.1 mm that slides over the liquid film close to the wall. 
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The computational process is made a semi two way coupling algorithm in the following order; 
we start with the liquid turbulence alone in the continuous random walk model (CRW), then 
solving the RANS equations for the continuous phase and the Lagrangian model for the bubbles. 
We obtain a first iterated value for the void fraction distribution that is more peaked than the 
experimental one, because it does not take into account the random walk diffusion induced by 
the bubbles themselves. This distribution is used as an input to integrate the Lagrangian 
equations again,  and in this way we obtain a second iterated value of the void fraction 
distribution. After three or four iterations the void fraction distribution converges and gives 
values that are close to the experimental ones.  

 
The predictions of the void fraction distribution is very good in all the points as shown in 

figures 12 to 21. The maximum position of the void fraction distribution and its value are also 
well predicted by the Eulerian-Lagrangian model developed in this paper. The point near the 
wall has been computed a little bit near the wall than the experimental value. However it seems 
that the experimental value is higher than the computed one. This difference is due to the bubbles 
with diameters smaller than 2.1 mm. that slides over the liquid film close to the wall. 
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When the average void fraction increase to < a >= 0.1490 as in run F03G03 and the 
superficial velocity of the liquid phase is maintained in jf=2 m/s, then the predictions obtained 
using equation (18) for the turbulence induced by the bubbles, with Cm = C1 = 5.5x10-5 match 

the void fraction peak position, and the void fraction distribution in the middle region but the 
experimental peak is broader than the calculated one as observed in figure 14. When we try to 
make predictions of the cases with higher liquid superficial velocities we achieve good 
predictions for all the cases if we consider that C m in equation (18) depends on the void fraction 

gradient as in equation (19), 0 0E1=1:10 0/4-1:1M2VEI, this assumption makes the wall peak broader 
as displayed at figure 14. 

The calculated results are displayed with open circles and line in the gap and the experimental 
one with red solid circles. We notice that the predicted height of the wall peak is a little bit 
bigger than the experimental one. For higher velocity values the model predict well the fact that 
the height of the wall peak diminish when the superficial liquid velocity increases as displayed in 
figures 15 and 16 for Runs FO4G01 and F04G02. The gas velocity for different radial positions 
was averaged for all the range of bubbles at this position in order to be able to compare with the 
experimental results. This profile matches quite well with the experimental one, as is showed at 
figure 17. 

One of the most important parameter to be calculated in the two-phase flow simulations is the 
Interfacial Area Concentration IAC. Most of the code use a simplified model based on spherical 
monodispersed bubble, and only codes that use population balance approach or similar expensive 
technique are able to give good predictions but restricted to bubbly regimen. In our model we 
have calculated the interfacial area concentration taking on account the contribution of interfacial 
area of all the individual bubbles. As shown in figures 18 to 21, we can observe that the 
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calculated results give a very good agreement with the experimental ones, especially for the 
cases FO3G01 and FO4G01. The higher peak values can be explained by the prediction of the 
higher values of void fraction at this radial zone, as it has been commented in the previous 
paragraphs, and mainly due to the presence of more bubbles with little diameter ranges than that 
used in calculation. 

We have tested the code for the ability of working in a large range of bubble diameters and how 
will be distributed each group of bubble diameters. We have generated a Gaussian distributed 
bubble diameters ranging from 2 mm up to 7 mm, which have a histogram distribution as shown 
in figure 23. 

We have divided the bubble diameters to eight groups of diameters to show the ability of the 
program to treat each group depending on the range of diameters. As we can see in figure 24, 
the total void fraction distribution, solid black line, is shown for the presented range of 
diameters, and or each group the void fraction profile has been graphed. The smallest bubble 
diameters migrate in the direction of the wall, this can be observed by the peak of void fraction 
near the wall up to Dbub=5.8mrn. For Dbub>5.8mrn the largest diameters migrate in the direction 
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calculated results give a very good agreement with the experimental ones, especially for the 
cases F03G01 and F04G01. The higher peak values can be explained by the prediction of the 
higher values of void fraction at this radial zone, as it has been commented in the previous 
paragraphs, and mainly due to the presence of more bubbles with little diameter ranges than that 
used in calculation. 
 
We have tested the code for the ability of working in a large range of bubble diameters and how 
will be distributed each group of bubble diameters. We have generated a Gaussian distributed 
bubble diameters ranging from 2 mm up to 7 mm, which have a histogram distribution as shown 
in figure 23.   
 
We have divided the bubble diameters to eight groups of diameters to show the ability of the 
program to treat each group depending on the range of diameters.  As we can see in figure 24, 
the total void fraction distribution, solid black line, is shown for the presented range of 
diameters, and or each group the void fraction profile has been graphed. The smallest bubble 
diameters migrate in the direction of the wall, this can be observed by the peak of void fraction 
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of the tube centre and the wall peak disappears. This behaviour gives agreement with 
experiments of bubble diameter grouping performed by [14] using wire mesh. 
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4 Conclusions and Future Developments 

The Eulerian-Lagrangian model with a 3D random walk model developed in this paper gives 
good prediction of the void fraction distribution for bubbly flow cases. The turbulence induced 
by the bubbles plays an important role in the continuous random walk model because when this 
mechanism for turbulence production is not included, then the peak for the void fraction profile 
is higher than the experimental one. Since the void fraction distribution is not known a priori 
then a self-consistent calculation is performed in order to obtain the void fraction distribution. 
This is achieved by executing a set of iterations to obtain the true void fraction profile. The first 
void fraction distribution is obtained considering only the liquid turbulence. The output of this 
calculation is a first iterated void fraction distribution that is used as input for the second 
calculation and so on. The convergence is achieved in three or four iterations. 

Another important thing is that to compute the turbulence induced by eddies given by 
equation (18), the model predictions improved when we assume that the constant Ca, that appears 
in equation (18) is assumed to depend on the gradient of the void fraction profile as written in 
equation (19). Good predictions of the void fraction distributions are obtained for the cases with 
liquid superficial velocities of 2 and 3 m/s, and also for the interfacial velocity distributions. The 
interfacial area concentration has been predicted with a very good agreement with the 
experimental results. 

However this model does not included the coalescence of the bubbles, or the break up of the 
bubbles by interactions with turbulent eddies. So the next step is to include in this Eulerian-
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Lagrangian model the Break-Up and Coalescence mechanisms in order to go to the cap/slug 
regime. In this way we could make predictions of the void fraction distribution for several group 
of bubbles. The model is being improved by including these interaction mechanisms in a full 
Lagrangian-Eulerian model were group of bubbles are simultaneously tracked. 
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