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Abstract 

The rigorous and consistent formulations of basic equations of interfacial area transport were 
derived using correlation functions of characteristic function of each phase and velocities of each 
phase. Turbulent transport term of interfacial area concentration was consistently derived 
and related to the difference between interfacial velocity and averaged velocity of each phase. 
Constitutive equations of turbulent transport terms of interfacial area concentration were 
proposed for bubbly flow. New transport model and constitutive equations were developed for 
churn flow. These models and constitutive equations are validated by experimental data of 
radial distributions of interfacial area concentration in bubbly and churn flow. 

I. Introduction 

The two-phase flow phenomenon is playing an important role about safety issues of a nuclear 
reactor. In order to analyze two-phase flow phenomena, various models such as homogeneous 
model, slip model, drift flux model and two-fluid model have been proposed. Among these 
models, the two-fluid model is considered the most accurate model because this model treats 
each phase separately considering the phase interactions at gas-liquid interfaces. In two-
fluid model, averaged conservation equations of mass, momentum and energy are formulated 
for each phase. The conservation equations of each phase are not independent each other and 
they are strongly coupled through interfacial transfer terms of mass, momentum and energy 
through gas-liquid interface. Interfacial transfer terms are characteristic terms in two-fluid 
model and are given in terms of interfacial area concentration (interfacial area per unit 
volume of two-phase flow) and driving force. Therefore, the accurate knowledge of 
interfacial area concentration is quite essential to the accuracy of the prediction based on two-
fluid model and a lot of experimental and analytical studies have been made on interfacial 
area concentration. Recently, more accurate and multidimensional predictions of two-
phase flows are needed for advanced design of nuclear reactors. To meet such needs for 
improved prediction, it becomes necessary to give interfacial area concentration itself by 
solving the transport equation. In view of above, recently, intensive researches have been 
carried out on the models, analysis and experiments of interfacial area transport throughout 
the world. The extensive review on such researches was recently carried out [1,2]. 
Formulation and modeling of basic transport equation of interfacial area concentration and 
constitutive equations of the transport equation have been carried out by various researchers. 
Morel [3] derived the transport equation of averaged interfacial area concentration as given by 
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Here, — denotes averaging and v, is the averaged velocity of interface. The research 

group directed by Prof. Ishii in Purdue university derived the transport equation of interfacial 
area concentration of averaged interfacial area concentration based of the transport equation 
of number density function of bubbles [4]. It is given by 

aa — aa 4 
(2) 

at 
(a 

=
3 a at

+V•av, +DJ +4>p, 

where a is void fraction and is averaged velocity of gas phase. Here, the terms in right 

hand side of Eq.(2) represent the source and sink terms due to change in bubble volume, 
bubble coalescence and break up and phase change. The constitutive equations are given by 
[5]based on detailed mechanistic modeling. 

In strict meaning, Eqs. (1) and (2) are "conservation equations of interfacial area 
concentration". They are not "transport equations of interfacial area concentration" by 
themselves. In order to express the transport of interfacial area concentration, it is necessary 
to formulate the conservation equation of interfacial velocity at the gas-liquid interface. 
However, at present, most researchers used equations (1) and (2) as "transport equation of 
interfacial area" assuming interfacial velocity is identical to average velocity of gas phase. 

In the present paper, a new and rigorous modeling of basic transport equation and constitutive 
equations of turbulent transport terms of interfacial area concentration was carried out. 
Further modeling of turbulent transport terms of interfacial area concentration was carried out 
for bubbly flow and churn flow. Based on this modeling, radial distributions of interfacial 
area concentration in bubbly and churn flow are predicted with successful agreements of 
experimental data. 

2. Local Instant Formulation of Interfacial Area Concentration 

Interfacial area concentration is defined as interfacial area per unit volume of two-phase flow. 
Therefore, the term "interfacial area concentration" is usually used in the meaning of averaged 

value and denoted by ai . The transport equation of interfacial area concentration is given in 

averaged form in terms of averaged interfacial area concentration, ai . However, for the 

rigorous derivation of the transport equation, it is desirable to formulate interfacial area 
concentration and its transport equation in local instant form. Kataoka et al. [6,7] and Morel 
[3] derived the local instant formulation of interfacial area concentration as follows. As Shown 
in Fig.1, interface of gas and liquid is mathematically given by 

f(x,y,z,t)=0 

(3) 
Using this function, local instant interfacial area concentration (denoted by a) is formulated by 

ai=lgrad f(x,y,z,016(f(x,y,z,t)) (4) 
where 6(w) is the delta function which is defined by 

f_70 g(w)6(w wo)dw = g(wo) (5) 
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where α is void fraction and 
GV  is averaged velocity of gas phase.  Here, the terms in right 

hand side of Eq.(2) represent the source and sink terms due to change in bubble volume, 
bubble coalescence and break up and phase change.  The constitutive equations are given by 
[5]based on detailed mechanistic modeling.    
 
In strict meaning, Eqs. (1) and (2) are “conservation equations of interfacial area 
concentration”.   They are not “transport equations of interfacial area concentration” by 
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area concentration in bubbly and churn flow are predicted with successful agreements of 
experimental data. 
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Therefore, the term “interfacial area concentration” is usually used in the meaning of averaged 
value and denoted by ia .   The transport equation of interfacial area concentration is given in 
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rigorous derivation of the transport equation, it is desirable to formulate interfacial area 
concentration and its transport equation in local instant form.    Kataoka et al. [6,7] and Morel 
[3] derived the local instant formulation of interfacial area concentration as follows. As Shown 
in Fig.1, interface of gas and liquid is mathematically given by  

 
f(x,y,z,t)=0                                                            

(3) 
Using this function, local instant interfacial area concentration (denoted by ai) is formulated by 

ai=|grad f(x,y,z,t)|δ(f(x,y,z,t))                                          (4) 
where δ(w) is the delta function which is defined by  
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where g(w) is an arbitrary continuous function. 
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Interface f(x,y,z,t)=0 Interface 

Fig.1 Mathematical representation of interface Fig.2 Unit normal outward vector of phase 
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In relation to local instant interfacial area concentration, characteristic function of each phase 
(denoted by (fik) is defined by 

(I)G =h(f(x,y,z,t)) (gas phase) (6) 
=1-h(f(x,y,z,t)) (liquid phase) (7) 

where suffixes G and L denote gas and liquid phase respectively. (1)k is the local instant void 
fraction of each phase and takes the value of unity when phase k exists and takes the value of 
zero when phase k doesn't exist. Here, h(w) is Heaviside function which is defined by 

h(w)=1 (w>0) 
=0 (w<0) (8) 

Heaviside function and the delta function are related by 

6(w) = 
dh(w) 

(9) 
dw 

Using above equations, the derivatives of characteristic function are related to interfacial area 
concentration as follows. 

graddi k = —nkiai (k = G, L) (10) 

a(1)k 
= V i • 11 ki a (k = G, L) (11) 

at 
Here, nid is unit normal outward vector of phase k as shown in Fig.2 and vi is the velocity of 
interface. Using above-mentioned relations, it is shown that local instant interfacial area 
concentration is given in term of correlation function of characteristic function as [8] 

2n n a a ai =— f f { k(x)— 24) k (X ± r) (x)} sin 0d0dri (12) 27c o o ar ar 
Here, a lar is directional differentiation of characteristic function ifik(x) in r direction. 
Using the definition of differentiation, Eq. (12) can be rewritten by 

a, = 
2. (I)k (x) — (I)k (X ± r)} + {1— (I)k (X)}(I)k (X sined0d, (13) 

271 o IrHo 

3. Basic Equation of Interfacial Velocity and Transport Equation of Interfacial Area 
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In relation to local instant interfacial area concentration, characteristic function of each phase 
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Here, nki is unit normal outward vector of phase k as shown in Fig.2 and vi is the velocity of 
interface.    Using above-mentioned relations, it is shown that local instant interfacial area 
concentration is given in term of correlation function of characteristic function as [8] 
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Here, r∂∂ /  is directional differentiation of characteristic function φk(x) in r direction.   
Using the definition of differentiation, Eq. (12) can be rewritten by  
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If there is no phase change or rate of phase change at interface is sufficiently small, the 
interfacial velocity is equal to the velocity of each phase at interface by 

= vi, = VGi (14) 

In what follows, the most simple case is considered where Eq.(14) is valid. One considers two 
spatial locations denoted by x and x+r, which are close to each other. There are two cases 
where gas liquid interface exists between x and x+r. They are shown in Figs 3. Since two 
locations are very close to each other, it is assumed that only one interface can exist. 

(Ok(x)=0 
x 

(l)k(x+r)=1 

• x+r 

Phase k x 
dr(x)=1

Phase k 

(bir(x+0=0 

x+r 

Interface Interface 
Fig.3 The case where interface exists between x and x+r. (x is in phase k) 

In each case, interfacial velocity is approximated by the velocity of phase k at the point where 
phase k exists. When the displacement, r, is sufficiently small, the interfacial velocity, V, is 
given by 

= !.pr Ok(x){1-
40

r)}vk(x)+ {1- O k (X)}0k (X ± r)vk(x+r)] (15) 
IrI

Combining Eqs.(13) and (15) and averaging, one obtains. 
 2hT   (X){1-0k (X r)}vk(x) + {1 - (x)*(x + r)vk(x + r) . 

= — 
m l

k smOdOckp (16) 
2,ic 0 1,1->0

Here, averaged interfacial velocity, V, is defined by 
TT. = Via, (17) 

Averaging Eq.(12), one obtains. 
a 2n r2.  4, (x){1 - (11k ± r)} +{1- (1)k (x)}(1)k(x + r)  sin odod, (18) 

0 J0100 

Using, Eqs.(16) and (18), the difference between averaged interfacial velocity, Vi and average 

velocity of phase k, vk is given by 

r  lim 
sinOdOckp 

(x){1 - (x + r)} {vk (x) - vk (x)} + {1- tp k (x)}0k (x + Ivk (x + - vk (x)} 
(V - vk)a, = 12it Jo JO 100 
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Ir l 

1 2ic 
( X) {(1) k (X ± k (X ± 1.)} (Vk (X) Vk (X)} - (X) - ( X)}0k ( X ± (Vk (X ± - vk (x)}  sinOdod, 

2n 0 JO r 

1 127r . Ok (X)Ok (X ± OVk (X ± Ok (X)Ok (X ± r)vk (x)  sin Odod, 
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Using, Eqs.(16) and (18), the difference between averaged interfacial velocity, iV  and average 
velocity of phase k, kv  is given by 
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Here, 4k and vk are fluctuating terms of local instant volume fraction and velocity of phase k 

which are given by 

Vk - Vk k 7 (I)k (I) k (I )k 
In deriving Eq.(19), Following relations were used. 

k (X) {Vk (X) Vk (X)1 = 0 7 Ok ± r/{Vk Vk ± = 0 

(20) 

(21) 

Equation (19) indicates that the difference between averaged interfacial velocity, Vi and 

average velocity of phase k, vk is given in terms of correlations between fluctuating terms of 

local instant volume fraction and velocity of phase k which are related to turbulence terms of 
phase k. The governing equation of the correlation term given by Eq.(19) is derived based on 
the local instant basic equations of mass conservation and momentum conservation of phase k 
[9]. In these conservation equations, tensor representation is used. Einstein abbreviation rule 
is also applied. When the same suffix appear, summation for that suffix is carried out except 
for the suffix k denoting gas and liquid phases. 
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In the derivation, following simplified representation of quantities at the location x+r. 
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   (22) 
In the derivation, following simplified representation of quantities at the location x+r. 
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(i)k (x+ r) = kr Ak(x+r) = Akr (23) 
As shown above, the rigorous formulation of governing equation of interfacial velocity is 
derived. Then, the most strict formulation of transport equations of interfacial area 
concentration is given by conservation equation of interfacial area concentration (Eq.(1) or 
Eq(2)) and conservation equation of interfacial velocity (Eq.(22)). As shown in Eq.(22), the 
conservation equation of interfacial velocity consists of various correlation terms of fluctuating 
terms of velocity and local instant volume fractions. These correlation terms represent the 
turbulent transport of interfacial area, which reflects the interactions between gas liquid interface 
and turbulence of gas and liquid phases. Equation (22) rigorously represents such turbulence 
transport terms of interfacial area concentration. Accurate predictions of interfacial area 
transport can be possible by solving the transport equations derived here. 

IV. Constitutive Equations of Turbulent Transport of Interfacial Area 

As shown in the previous section, the rigorous formulation of transport equation of interfacial 
area concentration are given by conservation equation of interfacial area concentration (Eq.(1) or 
Eq(2)) and conservation equation of interfacial velocity (Eq.(22)). However, Eq.(22) 
consists of complicated correlation terms of fluctuating terms of local instant volume fraction, 
velocity, pressure and shear stress. The detailed knowledge of these correlation terms is not 
available. Therefore, solving Eq.(22) together with basic equations of two-fluid model 
is difficult at present. More detailed analytical and experimental works on turbulence 
transport terms of interfacial area concentration are necessary for solving practically Eq.(22). 
From Eq.(19), Interfacial velocity is related to averaged velocity of phase k (gas phase or liquid 
phase)by following equation. 

1 
J.0 0 rl->0

27, i n 1  
Vi a; = vk a; - —  Irl (4)(  kr Vf kr k lYkr Vf k ) sin AdAdcp (24) 211 

When one considers bubbly flow and phase k is gas phase, Eq.(24) can be rewritten by 

V; a; = vG ai - —2
ic 
1 1 0 0 27'1 Ili  0 1  (COGrvf Gr G O Gr Vf G )sin dB dcp (25) 

From Eqs.(12) and (18) the term, VG dr is related to the fluctuating term of interfacial area 

concentration at the location, x and the term, (I) Gr V Gr is the fluctuating term of gas phase 

velocity at the location, x+r. Also, the term, (I) Gr is related to the fluctuating term of 

interfacial area concentration at the location, x+r and the term, (I) G vf G is the fluctuating term of 

gas phase velocity at the location, x. Then, the second term of right hand side of Eq.(25) is 
considered to correspond to turbulent transport term due to the turbulent velocity fluctuation. 
In analogous to the turbulent transport of momentum, energy (temperature) and mass, the 
correlation term described above is assumed to be proportional to the gradient of interfacial area 
concentration which is transported by turbulence (diffusion model). Then, one can assume 
following relation. 
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As shown above, the rigorous formulation of governing equation of interfacial velocity is 
derived.  Then, the most strict formulation of transport equations of interfacial area 
concentration is given by conservation equation of interfacial area concentration (Eq.(1) or 
Eq(2)) and conservation equation of interfacial velocity (Eq.(22)).  As shown in Eq.(22), the 
conservation equation of interfacial velocity consists of various correlation terms of fluctuating 
terms of velocity and local instant volume fractions.   These correlation terms represent the 
turbulent transport of interfacial area, which reflects the interactions between gas liquid interface 
and turbulence of gas and liquid phases.   Equation (22) rigorously represents such turbulence 
transport terms of interfacial area concentration.   Accurate predictions of interfacial area 
transport can be possible by solving the transport equations derived here.  
 
IV. Constitutive Equations of Turbulent Transport of Interfacial Area 
 
 As shown in the previous section, the rigorous formulation of  transport equation of interfacial 
area concentration are given by conservation equation of interfacial area concentration (Eq.(1) or 
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consists of complicated correlation terms of fluctuating terms of local instant volume fraction, 
velocity, pressure and shear stress.    The detailed knowledge of these correlation terms is not 
available.        Therefore, solving Eq.(22) together with basic equations of two-fluid model 
is difficult at present.   More detailed analytical and experimental works on turbulence 
transport terms of interfacial area concentration are necessary for solving practically Eq.(22).   
From Eq.(19), Interfacial velocity is related to averaged velocity of phase k (gas phase or liquid 
phase)by following equation. 
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When one considers bubbly flow and phase k is gas phase, Eq.(24) can be rewritten by 
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From Eqs.(12) and (18) the term,  r/Gφ′ is related to the fluctuating term of interfacial area 
concentration at the location, x and the term, rr v GG ′φ  is the fluctuating term of gas phase 
velocity at the location, x+r.  Also, the term, rr /Gφ′ is related to the fluctuating term of 
interfacial area concentration at the location, x+r and the term, GG v′φ  is the fluctuating term of 
gas phase velocity at the location, x.    Then, the second term of right hand side of Eq.(25) is 
considered to correspond to turbulent transport term due to the turbulent velocity fluctuation.   
In analogous to the turbulent transport of momentum, energy (temperature) and mass, the 
correlation term described above is assumed to be proportional to the gradient of interfacial area 
concentration which is transported by turbulence (diffusion model).   Then, one can assume 
following relation. 
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Here, the coefficient, D ai is considered to correspond to turbulent diffusion coefficient of 
interfacial area concentration. In analogy to the turbulent transport of momentum, energy 
(temperature) and mass, this coefficient is assumed to be given by 

D al oC 1VG (27) 

Here, L is the length scale of turbulent mixing of gas liquid interface and v'G I is the turbulent 

velocity of gas phase. In bubbly flow, it is considered that length scale of turbulent mixing 
of gas liquid interface is proportional to bubble diameter, dB and length scale of the turbulent 
velocity of gas phase is proportional to the turbulent velocity of liquid phase. These 
assumptions were confirmed by experiment and analysis of turbulent diffusion of bubbles in 
bubbly flow [10]. Therefore, turbulent diffusion coefficient of interfacial area concentration is 
assumed by following equation. 

D al = 1(111L1dB = 6K1 = a 11/1- (28) 
a, 

Here, a is the averaged void fraction and v'L is the turbulent velocity of liquid phase. K1 is 

empirical coefficient. For the case of turbulent diffusion of bubble, experimental data were 
well predicted assuming K1=1/3. For the case of turbulent diffusion of interfacial area 
concentration, there are no direct experimental data of turbulent diffusion. However, the 
diffusion of bubble is closely related to the diffusion of interfacial area (surface area of bubble). 
Therefore, as first approximation, the value of k for bubble diffusion can be applied to diffusion 
of interfacial area concentration in bubbly flow. 

Equations (28) is based on the model of turbulent diffusion of interfacial area concentration. 
In this model, it is assumed that turbulence is isotropic. However, in the practical two-phase 
flow in the flow passages turbulence is not isotropic and averaged velocities and turbulent 
velocity have distribution in the radial direction of flow passage. In such non-isotropic 
turbulence, the correlation terms of turbulent fluctuation of velocity and interfacial area 
concentration given by Eq.(27) is largely dependent on anisotropy of turbulence field. Such 
non-isotropic turbulence is related to the various terms consisting of turbulent stress which 
appear in the right hand side of Eq.(22). Assuming that turbulent stress of gas phase is 
proportional to that of liquid phase and turbulence model in single phase flow, turbulent stress is 
given by 

VLVL =—eurp{VvL+VvL))+-2k 
iJ3 

Here, ELTP is the turbulent diffusivity of momentum in gas-liquid two-phase flow. For bubbly 
flow, this turbulent diffusivity is given by various researchers [11] proposed the following 
correlation. 

sun, = -3
1

adBy'L 

(29) 

(30) 

Based on the model of turbulent stress in gas-liquid two-phase flow and Eq.(22), it is assumed 
that turbulent diffusion of interfacial area concentration due to non-isotropic turbulence is 
proportional to the velocity gradient of liquid phase. For the diffusion of bubble due to non-
isotropic turbulence in bubbly flow in pipe, Kataoka et al. [11] proposed the following 
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Here, the coefficient, Dai is considered to correspond to turbulent diffusion coefficient of 
interfacial area concentration.  In analogy to the turbulent transport of momentum, energy 
(temperature) and mass, this coefficient is assumed to be given by 
 LD Gai v′∝                                                          (27) 

Here, L is the length scale of turbulent mixing of gas liquid interface and Gv′  is the turbulent 
velocity of gas phase.    In bubbly flow, it is considered that length scale of turbulent mixing 
of gas liquid interface is proportional to bubble diameter, dB and length scale of the turbulent 
velocity of gas phase is proportional to the turbulent velocity of liquid phase.  These 
assumptions were confirmed by experiment and analysis of turbulent diffusion of bubbles in 
bubbly flow [10].   Therefore, turbulent diffusion coefficient of interfacial area concentration is 
assumed by following equation.  

L
i

1BL1ai v
a

K6dvKD ′α
=′=                       (28) 

Here, α is the averaged void fraction and Lv′  is the turbulent velocity of liquid phase.  K1 is 
empirical coefficient.  For the case of turbulent diffusion of bubble, experimental data were 
well predicted assuming K1=1/3.   For the case of turbulent diffusion of interfacial area 
concentration, there are no direct experimental data of turbulent diffusion.    However, the 
diffusion of bubble is closely related to the diffusion of interfacial area (surface area of bubble).   
Therefore, as first approximation, the value of k for bubble diffusion can be applied to diffusion 
of interfacial area concentration in bubbly flow.      
 
Equations (28) is based on the model of turbulent diffusion of interfacial area concentration.   
In this model, it is assumed that turbulence is isotropic.   However, in the practical two-phase 
flow in the flow passages turbulence is not isotropic and averaged velocities and turbulent 
velocity have distribution in the radial direction of flow passage.  In such non-isotropic 
turbulence, the correlation terms of turbulent fluctuation of velocity and interfacial area 
concentration given by Eq.(27) is largely dependent on anisotropy of turbulence field.  Such 
non-isotropic turbulence is related to the various terms consisting of turbulent stress which 
appear in the right hand side of Eq.(22).    Assuming that turbulent stress of gas phase is 
proportional to that of liquid phase and turbulence model in single phase flow, turbulent stress is 
given by 

ijL
t

LLTPLL k
3
2)}({ δ+∇+∇ε−=′′ vvvv                                          (29) 

Here, εLTP is the turbulent diffusivity of momentum in gas-liquid two-phase flow.  For bubbly 
flow, this turbulent diffusivity is given by various researchers [11] proposed the following 
correlation.  

 LBLTP vd
3
1 ′α=ε                                                       (30) 

Based on the model of turbulent stress in gas-liquid two-phase flow and Eq.(22), it is assumed 
that  turbulent diffusion of interfacial area concentration due to non-isotropic turbulence is 
proportional to the velocity gradient of liquid phase.   For the diffusion of bubble due to non-
isotropic turbulence in bubbly flow in pipe, Kataoka et al. [11]  proposed the following 
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correlation based on the analysis of radial distributions of void fraction and bubble number 
density. 

JB = K2adoB 
av

L (31) 
ay 

Here, JB is the bubble flux in radial direction and nB is the number density of bubble. y is radial 
distance from wall of flow passage. K2 is empirical correlation and experimental data were 
well predicted assuming K2=10. In analogous to Eq.(31), it is assumed that turbulent diffusion 
of interfacial area concentration due to non-isotropic turbulence is given by following equation. 

Jai = K2adBa. 
av

L (32) 

Here, Jai is the flux of interfacial area concentration in radial direction. Equation (32) can be 
interpreted as equation of bubble flux due to the lift force due to liquid velocity gradient. 
As shown above, turbulent diffusion of interfacial area concentration due to non-isotropic 
turbulence is related to the gradient of averaged velocity of liquid phase and using analogy to the 
lift force of bubble, Eq.(26) can be rewritten in three dimensional form by 

r 27, n (33) urn 1 (0,G . Gr v , 

2 c Jo JO Irl-)0 
Gr 0G0'Gr G )sinOdOckp = —Darada, + Caa,(vG — vOx rot(vL) 

Empirical coefficient C in the right hand side of Eq.(33) should be determined based on the 
experimental data of spatial distribution of interfacial area concentration and averaged velocity 
of each phase. However, at present, there are not sufficient experimental data. Therefore, as 
first approximation, the value of coefficient C can be given by Eq.(32) 

C = K2dB /uR (based on Eq.(32)) (34) 

Using Eqs(22) and (33), transport equation of interfacial area concentration Eq.(2) can be given 
by following equation for gas-liquid two-phase flow where gas phase is dispersed in liquid phase 
for bubbly flow. 

aa, . — . DpG 
+ vG ) = cliv(Darada,)- cliv{Caa,(vG vOx rot(vL)}+ 

2  a

1 

 
r G a 1+ NCO (1)13K (35) at 3 aPG Dt 

Here, D/Dt denotes material derivative following the gas phase motion and turbulent diffusion 
coefficient of interfacial area concentration, D ai is given by Eq.(28). Coefficient of turbulent 
diffusion of interfacial area concentration due to non-isotropic turbulence, C is given by Eq.(34). 
The third term in the right hand side of Eq.(35) is source term of interfacial area concentration 
due to phase change and density change of gas phase due to pressure change. FG is the mass 
generation rate of gas phase per unit volume of two-phase flow due to evaporation. (hco and (I)Bk 
are sink and source term due to bubble coalescence and break up These source and sink 
terms are given by Hibiki and Ishii [3] based on detailed analysis and experiment of interfacial 
area concentration. 

Here, in the most simplified case, we consider two-phase flow in pipe under steady state and 
developed region without phase change, where coalescence and break up of bubbles are 
negligible. Under such assumptions, transport equation of interfacial area concentration based 
on turbulent transport model, Eq.(35) can be simplified and given by following equation. 
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Here, JB is the bubble flux in radial direction and nB is the number density of bubble.  y is radial 
distance from wall of flow passage.  K2 is empirical correlation and experimental data were 
well predicted assuming K2=10.   In analogous to Eq.(31), it is assumed that turbulent diffusion 
of interfacial area concentration due to non-isotropic turbulence is given by following equation.
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Here, Jai is the flux of interfacial area concentration in radial direction.    Equation (32) can be 
interpreted as equation of bubble flux due to the lift force due to liquid velocity gradient.   
As shown above, turbulent diffusion of interfacial area concentration due to non-isotropic 
turbulence is related to the gradient of averaged velocity of liquid phase and using analogy to the 
lift force of bubble, Eq.(26) can be rewritten in three dimensional form by 
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Empirical coefficient C in the right hand side of Eq.(33) should be determined based on the 
experimental data of spatial distribution of interfacial area concentration and averaged velocity 
of each phase.  However, at present, there are not sufficient experimental data.  Therefore, as 
first approximation, the value of coefficient C can be given by Eq.(32)  
 RB2 u/dKC =              (based on Eq.(32))                             (34) 
Using Eqs(22) and (33), transport equation of interfacial area concentration Eq.(2) can be given 
by following equation for gas-liquid two-phase flow where gas phase is dispersed in liquid phase 
for bubbly flow. 
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i
LLGiiaiGi

i
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Here, D/Dt denotes material derivative following the gas phase motion and turbulent diffusion 
coefficient of interfacial area concentration, Dai is given by Eq.(28). Coefficient of turbulent 
diffusion of interfacial area concentration due to non-isotropic turbulence, C is given by Eq.(34).   
The third term in the right hand side of Eq.(35) is source term of interfacial area concentration 
due to phase change and density change of gas phase due to pressure change.   ΓG is the mass 
generation rate of gas phase per unit volume of two-phase flow due to evaporation.  φCO and φBk 

are sink and source term due to bubble coalescence and break up    These source and sink 
terms are given by Hibiki and Ishii [3] based on detailed analysis and experiment of interfacial 
area concentration. 
 
Here, in the most simplified case, we consider two-phase flow in pipe under steady state and 
developed region without phase change, where coalescence and break up of bubbles are 
negligible.  Under such assumptions, transport equation of interfacial area concentration based 
on turbulent transport model, Eq.(35) can be simplified and given by following equation. 
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(36) 

Here, R is pipe radius and y is distance from pipe wall. Kataoka's model for turbulent diffusion 
of interfacial area concentration, (Eqs.(28) and (34)) was used. 

For churn flow, additional turbulence void transport terms appear due to the wake of large 
babble as schematically shown in Fig.4. 

o 

LIA: .21e 

0 a
0 0

0 
0 

Fig.4 .Wake in Churn Flow Regime 

For interfacial area transport due to wake of churn bubble, interfacial area is transported toward 
the center of pipe. The flux of interfacial area concentration in radial direction Jai, due to 
churn bubble is related to the terminal velocity of churn bubble. The flux of interfacial area 
concentration toward the center of pipe is large at near wall and small at the center of pipe. 
Then, it is simply assumed to be proportional to the distance from pipe center. Finally, the flux 
of interfacial area concentration in radial direction, Jai due to churn bubble is assumed to be 
given by 

- 
J. RR y = K {0.35 }a; (37) 

Then, transport equation of interfacial area concentration based on turbulent transport model in 
churn flow is 

R 

given by 

Da l1 

y ay 

a ((R y)Kiclidyd ay aal j 
R 

-Fc 1 
y a (R y)21Ccai 

0.3
  j= 0 

— — ay (38) 

In order to predict radial distribution of interfacial area concentration using Eq.(36) or Eq.(38), 
radial distributions of void fraction, averaged liquid velocity and turbulent liquid velocity are 
needed. These distributions were already predicted based on the turbulence model of two-
phase flow for bubbly flow and churn flow [12]. 

Using transport equation of interfacial area concentration for bubbly flow (Eq.(36) and churn 
flow (Eq.(38), the radial distributions of interfacial area concentration are predicted and 
compared with experimental data. Serizawa et al., [1] measured distributions of void fraction, 
interfacial area concentration, averaged liquid velocity and turbulent liquid velocity for vertical 
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Here, R is pipe radius and y is distance from pipe wall. Kataoka’s model for turbulent diffusion 
of interfacial area concentration, (Eqs.(28) and (34)) was used. 
 
For churn flow, additional turbulence void transport terms appear due to the wake of large 
babble as schematically shown in Fig.4. 

 
Fig.4 .Wake in Churn Flow Regime 
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the center of pipe.   The flux of interfacial area concentration in radial direction Jai, due to 
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concentration toward the center of pipe is large at near wall and small at the center of pipe.   
Then, it is simply assumed to be proportional to the distance from pipe center.  Finally, the flux 
of interfacial area concentration in radial direction, Jai due to churn bubble is assumed to be 
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Then, transport equation of interfacial area concentration based on turbulent transport model in 
churn flow is given by 
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In order to predict radial distribution of interfacial area concentration using Eq.(36) or Eq.(38), 
radial distributions of void fraction, averaged liquid velocity and turbulent liquid velocity are 
needed.   These distributions were already predicted based on the turbulence model of two-
phase flow for bubbly flow and churn flow [12].     
 
Using  transport equation of interfacial area concentration for bubbly flow (Eq.(36) and churn 
flow (Eq.(38), the radial distributions of interfacial area concentration are predicted and 
compared with experimental data.  Serizawa et al., [1] measured distributions of void fraction, 
interfacial area concentration, averaged liquid velocity and turbulent liquid velocity for vertical 
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upward air-water two-phase flow in bubbly and churn flow regimes in round tube of 60mm 
diameter. Void fraction and interfacial area were measure by electrical resistivity probe and 
averaged liquid velocity and turbulent liquid velocity were measured by anemometer using 
conical type film probe with quartz coating. Their experimental conditions are 

Liquid flux, JL: 0.44 - 1.03 m/s 
Gas flux, JG: 0 - 0.403 m/s 

As bubble diameter, 4mm is used based on experimental observation. For empirical 
coefficient, Kcai is assumed to be 0.01 based on experimental data. The condition of flow 
regime transition from bubbly to churn flow is given in terms of averaged void fraction, a 

based on experimental results which is given by 

cc = 0.2 (15) 
Figure 5 shows some examples of the comparison between experimental data and prediction of 
radial distributions of interfacial area concentration in bubbly flow and churn flow. In bubbly 
flow regime, distributions of interfacial area concentration show wall peak of which magnitude 
is larger for larger liquid flux whereas distributions interfacial area concentration show core 
peak. The prediction based on the present model well reproduces the experimental data. 
Figures 6 and 7 show the comparison between experimental data and prediction of radial 
distributions of averaged liquid velocity and turbulent velocity for bubbly and churn flow in the 
same flow conditions as FigS [13]. As shown in these figures, turbulent structures are also 
well predicted by present model both for bubbly and churn flow. The analyses and 
experiments of void fraction distributions showed the similar trends as those of interfacial area 
concentration (wall peak in bubbly flow and core peak in churn flow). The details of the 
results were presented at elsewhere [13]. 
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As bubble diameter, 4mm is used based on experimental observation.   For empirical 
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V. Conclusions 

A rigorous formulation of basic transport equations of interfacial area concentration is derived. 
Interfacial velocity is formulated by spatial correlation of characteristic function and velocity of 
each phase. The constitutive equations of turbulent diffusion and lateral migration of 
interfacial area concentration were obtained both for bubbly and churn flow. Prediction of 
radial distributions of interfacial area concentration well agreed with experimental data both for 
bubbly and churn flow. 
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