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ABSTRACT 

The CATHENA code uses the finite element method (FEM) for the radial conduction 
model, which determines the temperature distribution from the fuel center to the cladding in the 
radial direction. However, it has been shown that the finite element solutions in the heat source 
region such as a fuel pellet are converged to the exact solutions with an increasing number of 
mesh elements. Since the finite volume method (FVM) ensures local and global energy 
conservation due to the integral conservation over each control volume, the FVM is applied to 
CATHENA wall conduction model to avoid the mesh size effect on the fuel temperature 
prediction. 

The accuracy and validity of the finite volume model in the CATHENA code are tested 
against two cases, a steady state case and a transient heat conduction case, for which exact 
solutions are available. A constant temperature on the boundary surface and a uniform internal 
heat generation rate are assumed for the steady state problem. In the transient heat conduction 
problem, a cylinder is initially at a uniform temperature and suddenly; its boundary surface is 
subjected to a convection with a constant heat transfer coefficient into an ambient at a constant 
temperature. 

The steady state solutions by the FVM model are found to give the same results as the 
analytical solutions and consistent results with varying mesh sizes, while the original 
CATHENA with the FEM over-predicts the center temperature with larger mesh sizes. For the 
transient problem the FVM model also closely follows the analytic solutions of the 
dimensionless heat conduction equation for a long cylinder. 

1. INTRODUCTION 

The finite element method (FEM) [1] has been applied to the solution of a wide range of 
heat conduction and fluid flow problems. For the CATHENA [21, a thermal-hydraulic analysis 
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code for the CANDU (CANada Deuterium Uranium) reactor, the one-dimensional heat 
conduction equation is solved subject to the boundary conditions by a FEM., a variational 
technique in the radial direction of the cylindrical geometry. Since typical cylindrical geometries 
are fuel pins and tube walls, the CATHENA wall conduction model is important for the 
prediction of the temperature distribution within the fuel pins. 

However, the FEM model in the CATHENA does not necessarily satisfy the physical 
conservation laws in the form of the differential equations. Therefore, if the one dimensional heat 
conduction equation is solved for the cylindrical or the spherical geometry, its solutions by the 
FEM converge to the exact solutions with a sufficient number of elements. For the assessment of 
the FEM for radial heat conduction in the cylindrical geometry, the FEM solutions for the 
temperatures at each radial node are compared with the exact solutions. 

It is known [3] that even with a coarse grid the finite volume solution of simple diffusion 
problems involving conductive heat transfer agrees very well with the exact solution, since the 
finite volume method (FVM) ensures local and global energy conservation due to the integral 
conservation over each control volume. Therefore, the FVM is applied to the CATHENA wall 
conduction model to avoid the mesh size effect on the fuel temperature prediction. For this 
purpose the numerical scheme for the CATHENA radial conduction model is developed and 
implemented in the CATHENA code. 

The accuracy and validity of the finite volume model in the CATHENA code are tested by 
one-dimensional steady state and transient heat conduction problems in the cylindrical geometry, 
for which the exact solutions are available. A constant temperature on the boundary surface and a 
uniform internal heat generation rate are assumed for the steady state problem. In the transient 
heat conduction problem, a cylinder is initially at a uniform temperature and suddenly; its 
boundary surface is subjected to convection with a constant heat transfer coefficient into an 
ambient at a constant temperature. 

2. ASSESSMENT OF FEM SOLUTION FOR RADIAL HEAT CONDUCTION 

Consider a long solid cylinder of radius k in which the energy is generated at a constant 
rate q„ (W m-3) and a constant thermal conductivity k (W m-1 K-1) as shown in Figure 1. The 
boundary surface at r = R„ is maintained at a constant temperature Tb , and the flux is zero at r = 0. 
Then we are to calculate the temperature distribution T(r). 

The governing equation for this problem is as follow: 

1 d r 
27rk r 

r dr y dr 

The boundary conditions are 

T(R„)=7;„ 

=271.q„. (1) 

( 
2,7rkr—

d7' 

dr ) 
= 0 . (2) 
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The exact solution of the problem can be obtained by integrating Eq. (1) and evaluating the 
constants of the integration with the help of the boundary conditions in Eq. (2): 

, R2 
T(r)__ 1̀" 1 

/ 

r ' 
- 

+7 1) • (3) 
4k 

If we define the dimensionless temperature T* as: 

= k —7 b) (4) 
q0 .1?,2, 

the dimensionless temperature T* at the center of the cylinder according to the exact solution 
from Eq. (3) is 0.2500, whereas the FEM solution [1] is 0.3333, 0.2778, 0.2587, and 0.2526 
according to the one-, two-, four-, and eight-element models, respectively. 

The finite element solutions obtained using one-, two-, four-, and eight-element meshes of 
the linear elements are compared with the exact solution in Table 1, which shows the 
convergence of the finite element solutions to the exact solution with an increasing number of 
elements. Therefore, FEM analyses will produce more accurate solutions when the mesh interval 
is decreased. 

3. IMPLEMENTATION OF THE FVM INTO THE CATHENA CODE 

The FVM is applied to the CATHENA wall conduction model to avoid the mesh size effect 
on the fuel temperature prediction. For this purpose the numerical scheme using the FVM for the 
CATHENA radial conduction model is developed and implemented into the CATHENA code. 
Here we are to develop the FVM based on the control volume integration [3] for the heat 
conduction in the cylindrical geometry. The integral form of the heat conduction equation is: 

where 

ffic,(T,r) aTt (r,t)dV = fik(T,r)VT(r,t)• dA+ fff S(r,t)dV , a 
V A V 

k = thermal conductivity (W MI K-1) 
A = surface area (m2) 
S = internal heat source (W m-3) 

time (sec) 
temperature (K) 
volume (m3) 

r = radius in the cylindrical coordinates (m) 
CP = volumetric heat capacity (J M-3K -1). 

t = 
T = 
V = 

(5) 
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Figure 2 shows the typical mesh points for the finite volume method. The subscripts are 
space indexes indicating the mesh point number. The Jr 's indicate mesh point spaces. Between 
the mesh points (in the mesh element), the thermal properties, k and C1, and the source term, S 
are assumed spatially constant. 

The key point of the FVM is the integration of the governing equation over a control 
volume to yield a discretised equation at its nodal point `e 

Using a forward difference for the time derivative, the first term of Eq. (5) for the typical 
control volume in Figure 2 is approximated by 

DT 
rffic,(T,r) ,t)di/ 

Ot 
V 

[C p,e_ l X 71. _ — 0.25 Sre _ 1 )+ C p.,x71-8t-c (re + 0.25 re )ifr
n+i 

e 77) , (6) 
At 

where the superscript n refers to time; thus, 7:," indicates the temperature at mesh point `e' at 
time 1" , and 7-7' indicates the temperature at mesh point ' at time t''+' = + At . 

The diffusion term of Eq. (5) for the surface of typical control volume is approximated by 

ff k(T ,r)VT(r,t) • dA 

(T"  r
(1 — w) {k e _ i x 27/- (/;, — 0.5 gre 1 )1 " + [lc x 271-

gre-i 

Wf [k X? g (I-- —0.5 Sr,  " x2g + 0.5 (Sre 
e+1 e 

e -1 e - 1 r c. Jr 

+ 0.5 Si;)], c+1 
Sre

_ ,)} 
(7) 

where the implicit formulation with w = 0.5 is used, which is called the Crank-Nicolson method 
[4] 

The source term of Eq. (5) is approximated as 

, t)dV S e_ i xg Jrc _1(re —0.2581;, )+ S e xzr + 0.25 re ) . (8) 

Using the Equations (6), (7), and (8), the general discretized equations for the e-th interior 

mesh point ( e = 2,3, . . . , E —1, ) can be arranged as 

where 

ac 7:"+11 
n+1 

C 
, 7 711+1 

e e e+1 6 e 

a = —7E k (1- — 0.5 S, ) At / 81-, e-1 e e -I -I , 
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= 7C 81;,_1 (1;? — 0.25 8re_1)+ C p  x re(re + 0.258re )] a„ —cc , (11) 

Ce = ke (r, +0.5 8r,) At I 8re  (12) 

de = —a, Te'L [be +2(ae + c e )]Te" — Ce Te„, 

+ At[S e_, x v 8re_1(re —0.25 8re_1 )+ Se x2r 8re (re + 0.25 8re )]. (13) 

For the control volumes that are adjacent to the boundaries the general discretized 

equations in Eq. (9) are modified to incorporate the boundary conditions. 
Since the left boundary condition (at r1 = 0) of Eq. (5) is normally the symmetry boundary 

condition (BC), the discretised equation for the left boundary is 

where 

b1 T1"+1 + c1 T"+I = d1 with BC: k 
1 Jr" 

aT 
r=r, 

= 0 , (14) 

= Cp x0.25r8/2 —ci , (15) 

c1 = —0 .5 g ki At, 

di = + 2c1 ) T1" — ci T211 + At(S1 x0.2571-8/-12). 

(16) 

(17) 

If the desired right boundary condition (at rE+1 = R„) is that the heat transferred out of the 
surface equals a heat transfer coefficient ( h„ ) times the difference between the surface 
temperature ( TE+1 ) and the sink temperature ( Ti. ), i.e., 

•

aT 
= he (TEfi —T), 

then, the discretised equation for the right boundary is 

where 

dE÷i = —aE-1-1 

a E+1 Tr' + E.,1 d E+1 

(18) 

(19) 

a E+1 =-717 k k (rE+1 -0.581 ) At / 5rE , (20) 

bE+, = CP E xggrE (i-E+1 — 0.25 8rE )+271- rE, 1 he At — a E+1 (21) 

TEn + (bE+1 + 2aE+1 2.7r rE+I lics At) 

+ 27rrE+1 h„Ti. At + At[S E xr8rE(rE+1 — 0.25 8rE )] . (22) 
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The discretizecl equations for the mesh points, 'e' [Equations (9), (14), and (19)] lead to a 
tri-diagonal set of E+1 equations: 

ci

a2 b 2 c 2

a E bE CE

aE+I b1E+1 

Tn+) 

2 d2 

E

(23) 

In the subroutine "walr.f' of the original CATHENA version the radial conduction 
equations by the FEM are solved to obtain Ten' , while the matrix in Eq. (23) is solved in the 
CATHENA with the FVM. 

4. COMPARISON OF FEM AND FVM MODELS IN CATHENA CODE 

The accuracy and validity of the finite volume model in the CATHENA code are tested by 
one-dimensional steady state and transient heat conduction problems in a cylindrical geometry, 
for which the exact solutions are available. 

4.1 Steady State Problem 
The first problem concerns the stationary heat conduction and is governed by Eq. (1), with 

a constant thermal conductivity k , and heat source q„. The geometry and boundary conditions 
are shown in Fig. 1, and the exact solution is given in Eq. (3). A constant temperature on the 
boundary surface and a uniform internal heat generation rate are assumed for the steady state 
problem. 

Figures 3 and 4 show the calculation results by the CATHENA with the FEM and the 
FVM, respectively. The mesh size effect on the temperature prediction is clear in Fig. 3 as 
expected in section 2. However, the temperature distribution by the CATHENA with the FVM is 
found to give the same analytical solutions and consistent results with varying mesh sizes. 
Therefore, if the positions of the nodal points are the same, there is no difference in the 
temperature predictions between the coarse and the fine mesh schemes, which depends on the 
user choice. 

4.2 Transient Problem 
We now extend the test problem of heat conduction to include time dependent behaviour. 
In the transient heat conduction problem, a cylinder is initially at a uniform temperature 

(Ti ) and suddenly; its boundary surface ( r = R„) is subjected to convection with a constant heat 
transfer coefficient ( h„ ) into an ambient at a constant temperature ( ). The temperature 
distribution for this situation can be calculated, and the results presented in the form of transient-
temperature charts [5] using various dimensionless quantities defined as: 
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11 .R
131 = " = Biot number, (24) 

at
= = dimensionless time (Fourier number), (25) 

= 7(1-'1)—T   = dimensionless temperature, (26) 
T 

The results for the center temperature 8(0,T) are shown by solid lines in the temperature 
chart (T-chart) in Fig. 5 as a function of the dimensionless time 2 for several different values of 
the parameter 1 / 131 . In addition the CATHENA predictions with the FEM (original version) and 
the FVM are compared with the values from T-chart in Fig.5. The geometry and boundary 
conditions for adjusting the values of the parameter /131, are shown in Table 2. 

It is shown that the CATHENA with the FVM as well as that with the previous FEM 
method shows the same time-dependent temperature behaviour as that given by the solutions of 
dimensionless heat conduction equation for a long cylinder. However, the FEM method initially 
shows a higher temperature prediction than the initial value even though the cylinder is cooled 
by the boundary condition (Figure 6). 

5. CONCLUSIONS 

The numerical scheme for a radial conduction model of the CATHENA code is replaced 
with FVM to remove the mesh size effect on the fuel temperature prediction. For this purpose the 
following works were conducted in the present study. 

• The FEM solutions for the radial heat conduction in the cylindrical geometry with a different 
number of elements in the mesh scheme were compared with the exact solution, which 
showed the convergence of the finite element solutions to the exact solution with an increasing 
number of elements. 

• The numerical scheme using the FVM for the CATHENA radial conduction model was 
developed and implemented in the CATHENA code. From the integration of the governing 
equation over a control volume the discretised equations at its nodal point are derived and 
arranged in the matrix form, which should be solved in the CATHENA with the FVM. A 
forward difference scheme was used for the time derivative and the Crank-Nicolson method 
was used for the diffusion term of the governing equation. 

• The accuracy and validity of the finite volume model in the CATHENA code were tested by 
one-dimensional steady state and transient heat conduction problems in the cylindrical 
geometry, for which the exact solutions are available. The steady state solutions by the FVM 
model were found to give the same results as the analytical solutions and consistent results 
with varying mesh sizes, while the original CATHENA with the FEM over-predicts the center 
temperature with larger mesh sizes. The new model also closely follows the analytical 
solutions of the dimensionless heat conduction equation for a long cylinder. , 
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. h,.Ru B. b B1 =--= w t num er, 
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Ro 

T(r,t)-T ct· . l 
0 = r - = 11nens10n ess temperature, 

'I';-T_ 

(24) 
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showed the convergence of the finite element solutions to the exact solution with an increasing 

number of elements. 

• The numerical scheme using the FVM for the CATHENA radial conduction model was 

developed and implemented in the CA THEN A code. From the integration of the governing 

equation over a control volume the discretised equations at its nodal point are derived and 

arranged in the matrix form, which should be solved in the CATHENA with the FVM. A 

forward difference scheme was used for the time derivative and the Crank-Nicolson method 

was used for the diffusion term of the governing equation. 

• The accuracy and validity of the finite volume model in the CA THEN A code were tested by 

one-dimensional steady state and transient heat conduction problems in the cylindrical 

geometry, for which the exact solutions are available. The steady state solutions by the FVM 

model were found to give the same results as the analytical solutions and consistent results 

with varying mesh sizes, while the original CATHENA with the FEM over-predicts the center 

temperature with larger mesh sizes. The new model also closely follows the analytical 

solutions of the dimensionless heat conduction equation for a long cylinder. , 
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Table 1. Comparison of the finite element and exact solutions for heat transfer in a radially 
symmetric cylinder 

r
R0 

* T = k (T -7' ) 
q„R ,-.

One- 
element 

Two- 
element 

Four- 
element 

Eight- 
element 

Exact 

0.000 0.3333 0.2778 0.2587 0.2526 0.2500 
0.125 : 0.2474 0.2461 
0.250 : ' 0.2379 0.2353 0.2344 
0.375 G 0.2155 0.2148 
0.500 1 0.1944 I 0.1893 0.1880 0.1875 
0.625 0.1526 0.1523 
0.750 0.1101 0.1096 0.1094 
0.875 0.0587 0.0586 
1.000 0.0000 0.0000 0.0000 0.0000 0.0000 

Table 2. Boundary conditions for the Transient Conduction Problem 

1 I Bi R„ (mm) k ("11 m❑ 

K) 
a (X106 m'/.s}) Ti CC) T,„ (°C) h 

(Ivy 2 

c ' ''' m ❑ 

K) 

0.0 107 

6.1 3.0 0.909 1000.0 435.7 0.1 4918

0.2 2459 
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T* = k(T-Th) 
- 2 

qnR" 
r One- Two- Four- Eight-- Exact 

R" element element element element 

0.000 0.3333 0.2778 0.2587 0.2526 0.2500 
0.125 I i 0.2474 0.2461 
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Table 2. Boundary conditions for the Transient Conduction Problem 

11 Bi R"(mm) k(Wlm□ 
a (X 106 ni2/s) T;(°C) T- (°C) 

hc (Wlm2□ 
K) K) 

0.0 107 

0.1 6.1 3.0 0.909 1000.0 435.7 4918 

0.2 2459 



440 

17) 

0 

Fig. 1. Configuration of radial heat conduction in cylinder 

Property 

ke

S c

Radios: O 

Sr e. Sr, 

(Sre

Contol volume _ 

Node: 1 e-1 

Fig. 2. The mesh points for FVM 

e+1 E+1 

440 

! k, qu 

-------------~------------- Ro 
, ........ ···--T---. -----· 

I 

Fig. 1. Configuration of radial heat conduction in cylinder 

Radjus: 0 r c-1 

k,_, 
C p, , - 1 

Se-I 

Property 

k, 
C P,, 

Se 
r,+I R,, 

f-------+-------+--------+--- --r 

:- - - Como/ _vo/111nc . - -

' I ·--- .J . ' ·--------------
e-1 e e+l E+l 

Fig. 2. The mesh points for FVM 



441 

1,600 

1,800- 

1,600 - 

,400 - 

,C1 1,200 - 

Li 
B 1 000 - 

t 800 - 

660 - 

4(X) - 

2(8) 

center FEM Mo(lel 
k=3.0 Whn-K 

0=320.328 MW/m3

Tb=435.7 "C 
Ru=6.10 mm 

• • •N•• • 1-clement 

•••A•-• 2-clement 
•••0-• 4-clement 
•••*••• 8-element 
- exact solution 

0.000 0.001 0.002 0.03 0.004 0.005 0.006 0.007 

1,400 - 

center 

603 - 

400 - 

FVM Model 
k=3.0 W/m-K 

q„=320.328 MW/111` 

Tb=435.7 
Rn:=6.10 mm 

■ 1-element 
. 2-element 
O 4-element 
* 8-element 

- exact solution 

0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 

Radius (in) Radius (m) 

Fig. 3. Temperature distributions for steady 
state problem by CATHENA with FEM 

0.01 

1E 3 

10-element model 
1/Bi= 0. 0.1 0.2 

R.. 

-•-•- FEM model 
• FVM model 

- T-chart 

00 015 1.5 2.0 

Fig. 5. Temperature predictions for transient 
problem 

Fig. 4. Temperature distributions for steady 
state problem by CATHENA with FVM 

13
(0

..0
 =

 (T
-T

,)
 / 

(T
, 

1.6 - 

• 
••• 

1.4 - 

FEM method 
1.2- 1/Bi=0.l 

1.0 

0.8- 
FVM method 
I/Bi=0.1 

0.6 - 

0.4 

• 

- I -element 
- ---• 2-element 
---- 4-element 
- 8-element 

0.00 0.05 0.10 0.15 0.20 0.25 

= at / 

Fig. 6. The transient responses from the 
initial value both by FEM and FVM methods 

1,800 I 
'!' -. 

l,fo(){) ' th. 
1,400 

~·-

2 1,200 

~ 
2 1.000 I:! 

~ 
i!! 

MOO center 

('1:J 

400 

2()() 

0.000 0.001 

FF.M Model 
k=3.0W/m-K 

<J.=320.328 MWtm' 

T,=435.7 "c 
R .. =6.I0mm 

441 

•··■· ·· I-clcmc11t 
.. . ~ .. · 2-clcmcm 
•· •O·•· 4-clc1nc11t 
···* ··· 8-clcmcnt 
-- cxuct solution 

0.002 0.003 0.004 0.005 0.006 0.007 

Radius (m) 

Fig. 3. Temperature distributions for steady 
state problem by CATHENA with FEM 

;:::­
t:. 

0.1 

0.01 

---·- FEM model 
...... .. · FVMmodcl 

1E-J-io- -~--o•s--~-,1.ro- ....;~-1..,.:.s•--..---,~ -::12.o 
o. . 

<=altR.' 

Fig. 5. Temperature predictions for transient 
problem 

I /iOO -,--,-------------,--;;■~1~-c:;:•lc:;:m::;;;ent-"i 

l,1100 

1,2()() 

2 
.,_, 1,000 
!3 

i 800 

i!! 
6()() 

400 

center 

FVMMoclcl 
k=3.0 W/m-K 

9o=320.328 MW/m' 

T,=435.7 "C 
R

0
=6.l0mm 

t::J,. 2-clemen< 
O 4-elemcnt 
* 8-elemcnt 
-- exnct solution 

0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 

Radius (m) 

Fig. 4. Temperature distributions for steady 
state problem by CATHENA with FVM 

;:::­
t:. 
II 

'P 
8 
a, 

1.6 ,.-· ......... 
i ' 
I ' 

i '· 

-·-·- I -element 
-··-·· ·2-element 
---4-elemcnJ 
-- 8-ele1nent 

!'EM niclho<l 
1.2 1/Bi=O.I 

0.8 

0.6 

0.4 +--0,_00-~-o.'os-~-o'. ,-o --o-i_r1 s-~-=-o~.20:-~-;o~.2:-s--< 

Fig. 6. The transient responses from the 
initial value both by FEM and FVM methods 


