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Abstract

A hybrid computer model for the simulation of space-time
reactor kinetics has been developed using the modal approach.

The modal approach consists of expressing all the relevant
neutronic variables as a weighted sum of a base set of fixed natural-mode
shape functions and a time-varying set of amplitude functions. The
hybrid model was implemented to permit improved man-machine interaction
and provide a real-time simulation capability. The wvarious reactor transients
studied included the effects of delayed neutron precursors, xenon-iodine
dynamics, and a shut-down system. Comparison with an all digital code is
good, within 17 to 2%.

The spatial behaviour of large CANDU reactor cores may now
be included in the hybrid computer studies to assist engineers with control
and safety analysis.
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1. Introduction

An important part of the analysis of reactor safety and control
system design is the accurate prediction of the spatial distribution
of the neutron flux, during both steady state and transient conditions.
As nuclear reactors increase in size, to benefit from economics of
scale, the various regions throughout the core become less tightly
coupled (1), and as a result, spatial dynamics effects become more
important. Furthermore, present and future demands on CANDU-PHW
reactor operation, such as on-line refuelling, improved load following
capability and flattening of the power distribution lead to increased
use of in-core reactivity devices. Sophistocated reactor models
are required for the analysis of spatial flux reactivity transients
resulting from mancevres of this sort.

Much work has been done in the area of reactor kinetics simulation,
and an excellent summary of the techniques though somewhat dated, is
given by Carter (2). Codes currently in use in CANDU reactor analysis
include CERBERUS(3), based on the quasi-static approximation, SORGHUM(4),
based on the adiabatic approximation and CHEBY(5), used for steady-state
simulations. These codes all rely on computational procedures that are
costly to run for realistic 3-D problems. Recently, an approach using
the natural shapes of the neutron flux has been developed by Luxat(6)
and implemented in the SMOKIN code. This model provides a good 3-D repre-
sentation of the flux throughout the reactor at a greatly reduced cost.

To permit improved man-machine interaction and provide a real-
time simulation capability, a hybrid computer model embodying the modal
kinetic equations has been developed and implemented in parallel on the
Dynamic Analysis Facility at CRNL(7). Results for a loss-of-coolant
accident (LOCA) and xenon-dynamics simulations are presented in this
paper. The good agreement obtained with an all-digital simulation and
the intrinsic advantages that analog computation provides in system
analysis lead to the conclusion that the hybrid computer model developed
here will play an increasingly important role in control system and safety
analysis.
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2. The Hybrid Computer and Reactor Simulation

A hybrid system is essentially a combination of analog and digital
computers, interfaced to provide high-speed transfer of information
between them. 1In this way, the resulting hybrid system has the advantage
of the analog computer of simultanious continuous integration of many
ordinary or partial differential equations, and the advantage of the
digital computer of sequentially performing many algebraic and logic
operations at high speed. The high-level of interaction possible in
analog computation allows the systems engineer to watch the solution
unfold. He is able to get a 'feel" for the dynamic nature of his
problem.

The hybrid computer provides for rapid repetition of solutioms,
allowing the analyst to efficiently carry out parameter survey studies.
Real-time simulation is attractive in that it permits the on-line testing
of process-control equipment. In addition, the high-speed, low cost
nature of analog integration results in economic incentives for the use
of a hybrid system over its all-digital counterpart in the solution of
differential equations.

Several methods have been developed for solving PDE by hybrid
computers, and have been summarized by Vichnevetsky (8). These include
coupled reactor models,such as that of Avery (9), and finite difference
solutions. The use of finite differences to replace partial derivatives
with respect to spatial variables gives rise to parallel methods, such
as that of Hinds (10). A property of this method is that the required
equipment complement increases in proportion to the desired accuracy,
and has lead to the development of other techniques. An example is the
continuous-space discrete~time (CDST) or Serial Method, where finite
differences are used to replace the temporal derivatives. Because the
analog circuit required for each finite difference node is basically
the same, a single analog module may be used repeatedly throughout the
core to increase the accuracy obtainable with the available component
resources. With this technique, called multiplexing (10,11), the
equations solved are discrete in both space and time. Storage and
playback of intermediate values is required to generate the full space-
time solution.

The hybrid computer has played an important role in the area of
dynamic simulation at the Chalk River Nuclear Laboratories (12). The
Dynamic Analysis Facility at CRNL is composed of a DEC PDP-11/55 digital-
computer interfaced to two Applied Dynamics AD/FIVE analog computer
consoles. Each console is capable of solving up to 30 simultaneous
differential equations. In addition, a PDP-11/55 and PDP-8 are
available for program development and auxiliary computer work.
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The general layout of the system appears in figure 1. The
computer hardware is supplemented by a number of software packages
that facilitate off-line set-up and check-out as well as on-line
function generation, storage and playback. The system is thus well
equiped to handle full reactor simulations using the modal kinetics
approach, including such effects as xenon-induced oscillations and
power~feedback.

3. The Modal Reactor Kinetics Model

The modal expansion, or synthesis, methods consist of expressing
all the relevant neutronic variables as weighted sums of a base set
of fixed, spatial functions. A number of different approaches to
this technique appear in the literature, and an excellent summary
is provided by Stacey (13).

The set of spatial functions used to synthesize the flux originates
in one of two ways. In the first case, the fundamental mode and higher
harmonics are the eigen functions derived from a neutron-balance operator,
such as that for the static diffusion equation, for the initial reactor
configuration. A different approach is to use the solutions to neutron-
balance equations applied to a perturbed reactor, thereby generating
expansion functions tailored to represent the flux distortions antici-
pated for a particular transcient of interest. It is that set obtained
using the former, more general method that is used for the simulations
presented here.

We start by expanding the neutron flux, delayed neutron precursors,
and iodine and xenon concentrations in terms of a base set of spatial
eigenmodes wi and time varying coefficients:
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The mode shape functions wi are the eigenfunctions of the

static diffusion equation. With each mode is associated an eigen-
value 1/K.. Each of the higher harmonics is said to be subcritical
relative £o the fundamental, with the degree of subcriticality
defined as:

Typically, the fundamental mode is critical ie K, = 0. Only
those modes with lower values of |psci] are likely to be excited
enough by a given perturbation to be of any interest. We thereby
justify the assumption that good accuracy may be obtained using a
finite number of these modes. In fact, Luxat has shown (7) that for
some transients only a few modes per spatial variable are required
for adequate 3-D spatial representation of the flux. The model
employed in the hybrid simulation presented here uses seven such
modes, whose characteristic shapes and modal subcriticalities are
shown in figure 2.

To obtain the modal kinetic equations, the modal expansion forms
are substituted into the well known kinetic equations which describe
the space-time behaviour of the pertinent variables. This equation
set is reduced by the technique of Galerkin Weighting. The near
orthogonality property of the modal eigenfunctions makes them the
ideal weight factors. The Galerkin procedure consists of premulti-
plying equations (1) by the mode shape functions . and integrating
the product terms over the volume of the reactor, “yeilding an
ordinary differential equation for each of the time dependant
amplitudes. Details of this derivation are given in (6) and (7).

Recently a digital computer code, SMOKIN, which is based on the
above formulation, has been developed by Luxat (14). Benchmark
studies using proven codes have established the SMOKIN solutions
as accurate and obtainable at greatly reduced costs.

To implement these equations on the hybrid computer, each
variable must be scaled to its maximum value to prevent exceeding
the fixed range of the analog amplifiers. As the equations are
somewhat cumbersome, the modal kinetic equations and their scaled
counterparts are given in the Appendix.



4. Implementation

One AD/FIVE console has a sufficient number of components to
patch 7 flux modes, each with two active delayed neutron groups
or alternatively the xenon-iodine mode amplitudes. In addition,
the effects of reactivity devices and for power feedback are also
included.

To fully explore the suitability of the modal model to hybrid
simulation, two problem types over different time scales were
implemented. The first simulation presented here is that of a
loss~-of~coolant accident (LOCA), which takes place over the order
of several seconds. Here the dynamic effects of the delayed neutrons
are important and two groups per mode were patched.

The effects of the LOCA voiding are represented by reactivities,
both self-coupling (mode i to mode i) and cross-coupling (mode i to the
fundamental and vise versa). The same is true for the shutdown
system, so that a total of 38 function generations are required to
supply these time-varying coefficients over the duration of the
transient. The analog circuit layout for one of the higher modes
is shown in figure 3. The boldface arrows indicate coefficient
updating by the digital computer. The evolution of the voiding and
shutdown system reactivities are shown in figure 4.

To set up the simulation, modal and neutronic data are read in
by an off-line scaling program. The set of data used appears in
TABLE I. Tables of the coupling coefficients for the LOCA and
shutdown transient are prepared for the 'on the fly' function up-
dating by the on-line run-time program (15). A set-up and check-out
utility is used to set the coefficient devices and check the analog
patching.

A similar procedure is carried out for the xenon-iodine dynamics
simulation. The degree of non-linearity of the equations requires
some of the multiplications to be done digitally. The analog schematics
for the higher modes appear in figures 5a and 5b. Because the time
scale of this type of problem is that of several hours, the dynamic
effects of the delayed neutrons are practically negligable. Their
presence is nonetheless accounted for by replacing the mean neutron
life, %%, by &', where (7)

L' = Lk o+ E
i

BT e 3
¥

Also included in this simulation were the effects of power feed-
back. ‘



5. Results

The hybrid computer solutions to the transients described
above are shown in figures 6 and 7. The results were compared to
those obtained using an all digital code FORSIM (17), and agree-
ment within 1% to 2% was obtained. Considering the machine
tolerances and the complexity of the equations,we feel that these
results greatly support the use of the hybrid computer in this
application.

Being able to observe the evolution of the flux mode ampli-
tudes for the LOCA case, figure 6a, allows one to identify the
tilt components in the distorted flux. To get a full spatial
map of the flux at any time, the modal amplitude signals may be
sampled and multiplied off-line by the spatial distribution
functions. In this way the location of the maximum flux, or
hottest bundle, may be determined.

Similarly for the xenon simulation, the oscillatory nature
of the system's dynamics is clearly visible from the temporal
behaviour of the xenon mode amplitudes, figure 7.

Parametric survey studies using the hybrid model were
carried out, and some results are shown in figures 6b. In the
LOCA simulation, the value of the final void worth was incremented
by 5% of the nominal 4 mk. on consecutive runs to a maximum of
4.4 mk. The effect of varying the delay time to rod insertion,
the trip set point and void location may likewise be observed.
Again the results compare well with the digital benchmark.

The hybrid computer model is particularly well suited to
frequency response measurements. A technique for measuring a
systems transfer function using a pseudo random binary sequence
and Fourier transformation has been developed at CRNL (18). A
filtered PRBS signal is used to perturb the system in some way,
which may represent, for example, jerking a control rod in and out
of the core around some nominal value. The input and output are
then sampled at some frequency, creating two tables. The tables
are Fourier transformed, generating complex components in the
frequency domain. Bode plots of the transfer functions obtained
by complex division of the output by the input are of great use
to the control system designer. They are also useful in evaluating
the effects of simplifying assumptions.

Frequency response measurements on the two simulations are
shown in figures 8a and 8b. A sample of the analog signals resulting
from the PRBS excitation is shown in figure 8c. Note that a low
frequency control loop is required to keep the system stable.



Consider the transfer function for mode i in the Laplace
domain, where the fundamental mode is held near equilibrium (7).

G, (s) = 1
*  + 3
& 28 s B3 = pgel 0 e e 4
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At low frequency this transfer function approaches a constant

1

] pscil . This result is clearly visible in figure 8a.

The above equation also implies that the effects of delayed
neutrons should diminish with increasing values of |psci|. This
was also verified by experiment. Therefore the dynamics of the
lower harmonics are more important, and this should be reflected
in the distribution of the available analog components, ie more
delayed neutron groups should be incorporated into the lower
harmonics than into the higher ones.

6. Conclusion

A hybrid computer simulation, embodying the modal reactor
kinetics equations, has been implemented and provides a useful
means of studying reactor transients. The modal approach permits
good 3-D representation of the main neutronic variables and is
well suited to hybrid simulation. This simulation model, with

improved man-machine interaction and real-time simulation capability,

will play an important role in control system and safety analysis
studies.
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TABLE I NEUTRONIC DATA

Description Value

Delayed Neutron Data

81 0.004556
B 0.003212
2 =]
A 0.6871 s
- -1
12 0.06297 s
g% 0.00092
Xenon-Iodine Data
Y1 0.023703
Yx 0.0021156
-1

AI 0.0000294 s
Ag 0.000021 s
1' 0.536

Note: Y1 and Y, are fractional yields for 1135 and X135

normalized by Vv
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APPENDIX

The modal kinetic equations and their scaled counterparts are
presented here. For more details, consult the references (7), (14),
(15). The nomenclature at the end of this appendix gives a brief
description of the variables used.

The kinetic equations for the modal amplitudes of the main
dynamic variables are given below.

Ny = (Peeq 4 Pyg ) n, +Pil o
3t v e
D
ag
+ 200y, xL (A% + %))
3=1 !
0
FB
+ i(Anlni + Aninl) cahe e o vAla
L%
3C, B.
ij ==AC .+ n
e 3 T M. e Alb
e R e A A T Alc
Y e
3X
i =-AX, + A I, + IE n
5T LT ML T psssewers Ald

-cxi (Xinl + Xlni)

Bi

As is always the case with analog computation, each variable
must be scaled to avoid exceeding the fixed range of the amplifiers.
We shall use curly brackets to denote variables scaled to their
maxima, ie:

gy = _ i
ngmax  eeeeeeeen A2
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Al. The Scaled Equations for the LOCA Simulation

Dividing the variables in equations Al. by their maxima
and rearranging, we find:

[n } = sc1 {ni} + Eli {ni} + P41 {nl}
— = E;g; ..........
ND
B.
+ 2> Byt
1

; A
i=

d .} = - {P,
e fC; .} A dRgg A3b

Py = (€441 = Any) g o, ol A3c

For the first mode, where couplings from all of the higher
modes are present, the flux mode amplitude equation becomes:

d {n ~°11{n}+1 o {n.}
_EE— l 1* :Eg ll i 1

ND

+ >k
=1

j

o

Here, the effects of xenon and power feedback have not been
included. We have implicitly used the steady state relationship

i = By
Pijmax ACijmax _%_ nimax .......... A

=

to reduce the equations. We have also introduced a scaling factor
for each mode.

. max

m.
n,max
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A2. The Scaled Equations for the Xenon Simulation

For the xenon and iodine concentrations, the so-called
"backed-off" model is used; the concentrations are given by
their deviations from an equilibrium reference condition. The
reference condition is chosen here to be the intial condition.

éxi(t) Xi(t) - X

io

6Ii(t) Ii(t) -1

io
6ni(t) = ni(t) - Ny,

In this treatment of xenon dynamics, the delayed neutron
terms are dropped. Their effect on the transfer function for
the neutronics is nonetheless accounted for by replacing the
mean prompt neutron lifetime, &*, by &' as discussed in the text
of the paper. We define for simplicity

Snimax = AIQ

élimag Yr e A8
! +

6nimax = * (lx Flnﬂl) =%

Gximax a(yx + YI) R

Furthermore, we introduce

1
T—Bt
where T = computer (machine) time
and t = problem (real) time
B = time scaling factor
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A3. Treatment of Reactivity Devices

As discussed in (6), local changes in absorption and
fission cross-sections resulting from the presence of control
devices or refuelling are represented by reactivity terms, where
we write, for each perturbation concerned

Bij = Vg |(1—e)an B aajilpimvj

< | Bolve> A10

where PO is the production operator at equilibrium and &Pj and
aRj are the perturbations due to device j. If several reactivity

devices are present, we simply sum them to get the p reactivities

Ory -
kel - Zekij eeeeeia ALl
]

Since we are only interested in the coupling terms to and
from the first mode, we need to calculate 8 G and 0 only.

i1§' Tdlj 1ij
A4. Nomenclature
Symbol Item Unit
Roman
a xenon mode amplitude scaling factor dimensionless
B time scaling factor -
B mode flux squared integral ratio, dimensionless
1
mode i
c..(t) delayed neutron precursor group j dimensionless
ij '
mode amplitude for mode 1
2
Fi convenient constant used to replace cm
c_.
xi
Bi
I iodine 135 amplitude for mode i dimensionless



Symbol

Roman

e

NOMENCLATURE (continued)

Item

criticality of mode i
mean neutron lifetime

corrected neutron lifetime at low
frequency

production operator
spatial co-ordinate
removal operator

scaling factor for mode i, ie.

n; = Si{ni}

real time

mean neutron velocity

total delayed neutron fraction

fractional yield of delayed neutron
group j

fractional yields for I'3% and x135
normalized by v

deviations from equilibrium mode
amplitudes for iocdine, xenon and

neutron flux

maximum deviation of neutron flux
mode amplitude

neutron flux mode i amplitude

reactivity coupling mode i to mode k
for device j

decay constants for delayed group j,
iodine 135 and xenon 135 respectively

Unit

dimensionless

dimensionless

dimensionless

dimensionless

dimensionless

dimensionless

dimensionless

dimensionless

k

g~ 1



Symbol
Greek

sci

Pii

PrBi

a .
X1

T

$(r,t)
¢i(r)

Subscripts

0

-29-

NOMENCLATURE (continued)

Item

average number of neutrons released
per fission

mode i subciticality

change in modal subciticality due
to presence of perturbation

modal power feedback coefficient,
mode i

microscopic absorption cross-section
for xenon 135

xenon 135 modal absorption coeffi-
cient, mode i

scaled time

neutron flux

mode i spatial distribution

initial condition

Unit

dimensionless

(2] I
=)

=
w].
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