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Abstract - A common problem in any reactor operations is to comply with a requirement
that certain operational parameters are constrained to lie within some prescribed bounds. The fun-
damental issue which is to be addressed in any compliance description can be stated as follows:
The compliance definition, compliance procedures and allowances for uncertainties in data and
accompanying methodologies, should be well defined and justifiable. To this end, a mathematical
framework for compliance, in which the computed or measured estimates of process parameters
are considered random variables, is described in this paper. This allows a statistical formulation of
the definition of compliance with licence or otherwise imposed limits. An important aspect of the
proposed methodology is that the derived statistical tests are obtained by a Monte Carlo procedure
using actual reactor operational data.

The implementation of the methodology requires a routine surveillance of the reactor core in
order to perform the underlying statistical tests. The additional work required for surveillance is
balanced by the fact that the resulting actions on the reactor operations, implemented in station
procedures, make the reactor “safer” by increasing the operating margins. Furthermore, increased
margins are also achieved by efficient solution techniques which may allow an increase in reactor

power.

A rigorous analysis of a compliance problem using statistical hypothesis testing based on
extreme value probability distributions and actual reactor operational data leads to effective solu-
tions in the areas of licensing, nuclear safety, reliability and competitiveness of operating nuclear
reactors.
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I. INTRODUCTION

The fundamental issue which is to be addressed in any compliance description can be stated
as follows: The compliance definition, compliance procedures and allowances for uncertainties in
data and accompanying methodologies, should be well defined and justifiable. To this end, a
mathematical framework for compliance, in which the computed or measured estimates of pro-
cess parameters are considered random variables, is described in this paper. This allows a statisti-
cal formulation of the definition of compliance with licence or otherwise imposed limits. Of
particular interest is the area of compliance with limits on reactor channel powers,' and other con-
ceptually similar physics parameters, for which the statistical treatment based on extreme value
statistics has been shown to be effective.’

Generally, inference rules are divided into two categories: Estimation (Confidence Intervals)
and Significance (Hypothesis) Testing. While there are affinities between the two categories, in
some situations they lead to different solutions. It is shown that in the context of channel power
compliance, and other conceptually similar situations, the testing approach is the more appropri-
ate one. Here, probabilities are evaluated for the event that the #7ue channel powers do not exceed
the licence limits. The compliance criterion is presented using the Type I error probability and
naturally gives rise to the concept of compliance uncertainty.

The traditional industry approach is based on confidence intervals using the error in the indi-
vidual channel powers. This approach is shown? to be equivalent to a test procedure using a chan-
nel power distribution in which exactly one channel is at the licence limit while all other channels
have powers zero. Such a channel power distribution is obviously absurd and the related Type 1
error probability is much smaller than prescribed (such as 2%), for reasonable channel power dis-
tributions. Moreover, a complementary result is that the probability of a Type II error (false
alarm), which is an incorrect declaration of the violation of the channel power licence limit, is
exaggerated.’

A significantly more effective approach based on hypothesis testing uses an error in the
maximum channel power to derive compliance uncertainties. A maximum channel power reflects
the structure of the power distribution much better than an individual channel power does unless,
of course, the channel power distribution is “very peaked”. In an actual reactor the fueling strat-
egy ensures non-peaked power distributions under normal operating conditions. Therefore, the
above assertion about the maximum channel power is reasonable for operating reactors under nor-
mal conditions and the Type I error probability is closer to the prescribed value (such as 2%) for
compliance. It is shown! that the corresponding compliance uncertainty is much smaller than the
one based on the current standard industry practice. (Note that OPG has adopted the proposed
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methodology.) For reactors with “tight” operating margins, the smaller compliance uncertainty
leads to substantial economic benefits because a larger compliance uncertainty may cause de-rat-

ing of the actual reactor power. !

Rigorous analysis of the compliance uncertainty as well as the error in the maximum chan-
nel power has been obtained.! An analytical solution to the problem for an arbitrary channel
power distribution is prohibitive considering the number of channels involved (e.g., 480 at Dar-
lington or Bruce and 380 at Pickering). The problem, i.e., finding the compliance uncertainty, is
solved numerically by a Monte Carlo procedure (a bootstrap like approach) in which the errors for
all reactor channel powers and the reactor power are sampled from known distributions. (These
distributions are obtained by comparing the computed values to the existing measurements and/or
other available uncertainty analysis means.) The Monte Carlo procedure is used to estimate the
error in the maximum channel power and from this an allowance for the compliance uncertainty is
obtained. The OPG fuel management code SORO* is used to obtain the computed channel pow-
ers. A fundamental assumption for the Monte Carlo procedure is that these SORO computed pow-
ers serve as surrogates for the #rue channel powers. Validity of this assumption is supported by
using a subset of channels - the so-called FINCHs (44 at Darlington and 22 at other OPG stations)
which are equipped with instrumentation to measure the channel powers directly.?

The proposed compliance with channel power limits can readily be adopted in similar situa-
tions involving computational or measurement uncertainty. For example, compliance with chan-
nel power specific limits can be solved by the above described methodology by considering ratios
of actual channel powers to the corresponding limits. In such a situation there is only one “licence
limit” having a value 1 (see Section II). Another successful application is the “Enhanced Gap
Monitoring” at Bruce plant, which involves statistical testing for a positive minimum margin to
fuel constraint under a postulated LOCA. In a traditional deterministic approach, analysis shows
that fuel constraint under a postulated LOCA may occur if larger Void Reactivity Error Allowance
is assumed. A statistical analysis of actual operational data using measured fuel channels gaps and
computed channel powers to determine the expansion of the fuel string under postulated LOCA
and a larger Void Reactivity Error Allowance, shows that a fuel constraint does not occur.®> The
analysis was performed using the above methodology with a limiting value of zero and a compli-
ance uncertainty based on an error in the computed minimum margin to constraint. This approach
has permitted current operation at 90% for the Bruce “B” reactors under larger Void Reactivity
Error Allowance.
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II. COMPLIANCE PROBLEM DEFINITION

We will describe a general problem which can be solved within a framework of a managed
system in reactor operations. Such a problem is not necessarily in the area of licensing. Neverthe-
less, we will use the term compliance to refer to the fact that a part of the motivation is conformity
with a given condition.

The terminology used throughout this paper is summarized in the Section Nomenclature at
the end of this paper.

Let Q= {0, 0,, O3, ..., 0, } be aset of n parameters. For illustration purposes, through-
out this paper, these will often represent channel powers (e.g, » = 480 channel powers). But note
that the methodology presented applies more generally, e.g., these parameters may represent the
margins to fuel constraint in the enhanced gap management problem.’ In general, values of the
parameters @ are not known to us and will be usually referred to as true parameters.

Let C be a condition that is imposed on the parameters. Given a number (a limit), say L, we
will write

C=cC, L).

We stress that we are considering only one condition imposed on the parameters. Thus, when the
10, 05, O3, ..., 0,} are reactor channel powers and L a license limit, such as 7200 kW, the
(licence) condition, C, would be

max{Qy, 0,5, 03, ...,0,} < L.

Note that the problem of channel specific limits consists of many conditions, namely,

0. < L, i=1,23,..n

1

However, it is easy to convert this into a “one condition” problem:

max % % % % <1
Ll’Lz’L3’ ...,Ln < 1.

The issue is to ascertain if C is true or false. If C is true we say that we are complying with the
condition, otherwise we are in violation of the condition.

In addition to the problem of the channel power licence compliance, there are many other
problems that can be cast in a way described above. For example, a condition imposed on safety
analysis stipulates that there be no fuel constraint under a postulated LOCA. The expansion for

4
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every fuel string in a reactor is computed from a channel power. The margin to constraint is then
obtained by subtracting the fuel string expansion from the available gap in the same channel. The
condition is that the minimum margin to fuel constraint is positive.> Another example is a bundle
heat-up problem during a reactor outage and a postulated loss of heat sink. For a given cooling
time (which determines the bundle decay power), the condition is that a number of fuel failures
will not exceed a given limit. Such a limit is obtained from cost-benefit considerations.

Because the parameters Q are not usually known, we must have a computational model or
measurements, or both available to estimate Q. Let such estimated parameters be denoted by

0 =1{01.0,.05,....0, .
Note that in case of channel powers, the OPG fuel management code SORO* based on solving 3-
dimensional diffusion equations together with a measured value of a reactor power provide such
channel power estimates. In the case of the fuel constraint problem, the margins to fuel constraint
are obtained using SORO estimated channel powers, estimated fuel expansion as described in
Ref. 5, and measured channel gaps every time a channel is re-fuelled. The bundle heat-up problem
would also require decay power calculations in addition to the SORO computed bundle powers.

~

A crucial assumption in our methodology is that the estimated parameters () are random
variables related to the true values Q by a statistical model

0 -0-+¢,

where € is the computational (or measurement) error. This error is known and may be obtained
from available measurements. Using a suitably chosen number 1, referred to as compliance
uncertainty, depending on a small positive number o, we define a new condition C :

¢ =C@, L .

C and C are identical if Q = Q and n, = 0. The way 1, and hence C are determined is by
posing the given problem as hypothesis testing (for details see Ref. 1 and 2). Condition C is the
test statistic for hypothesis C. For a given small positive number o, referred to as a significance
level, M, 1s calculated in such a way that the Type / error® satisfies

Probability{C holds under the assumption that C is false} < o..
We note that the compliance uncertainty m, is defined in terms of € and Q.

A traditional “industry” approach is to use confidence intervals of € to define the compli-
ance uncertainty 1, rather than the hypothesis testing as described above. Let u, be an upper
100(1-ov) confidence interval for €. That is,
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Probability{€ < u,} <l-o.

In this case compliance is declared as long as C (Q,- +u,, L) is true for any i. For a given o this
is a much less “efficient” procedure than the above described hypothesis testing used in the pro-
posed methodology.! Less efficient means that the corresponding Type I error is much smaller
than the Type I error associated with the hypothesis testing described above. The implication of
this 1s that

Mg S Ug-

For reactors with tight operating margins the difference in the magnitudes of the respective com-
pliance uncertainties could mean de-rating of the reactor power. (At Bruce or Darlington Nuclear
stations the compliance uncertainty M, = 3% and u, = 5%. At 1, = 5% the reactors would have
to be de-rated by 1% or more.) To understand the less efficient nature of the traditional approach
we point out the fact that it is designed for @ = {0, 0,0, ..., 0, 0,,0, ...,0} while the approach
based on the hypothesis testing takes into consideration the full structure of Q@ =
10y, Oy, O3, ..., O,,} . (For more details see Ref. 1 and 2.)

III. MANAGED SYSTEM FOR COMPLIANCE

The description of our problem in the previous Section provides only a mathematical for-
malism (for details see Ref. 1, 2 and 3). The full implementation of the compliance strategy is
more involved. The framework for the implementation, or the corresponding managed system
embedded in the reactor operation is depicted by a chart in Fig. 1. Such a framework with all its
components is needed in order to satisfy the fundamental requirement of any compliance strategy.
Namely:

The compliance definition, compliance procedures and allowances for uncertainties in
data and accompanying methodologies, should be well defined and justifiable.

We assert that our methodology not only satisfies the above requirement, it does so efficiently as
well.

The most important reason that the methodology is efficient is that it is non-deterministic
(i.e., probabilistic) and based on a posteriori analysis using actual reactor operational data. An a

priori analysis, by necessity, uses design data and assumptions which either may never occur in an
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operating reactor or at least may never occur under normal operating conditions. The a posteriori
method requires a routine surveillance of the reactor core in order to perform the underlying sta-
tistical test as well as to look for reactor changes that may necessitate re-evaluating the test itself.
But this is no different from any other “quality control” procedure based on a sampling technique.

* Fuelling strategy Reactor Oper ations * Calibration
* Reactivity device positions * Reactor Regulation  Measurements
* Fuelling history * Surveillance « Acceptance tests
« Indicated Reactor Power * Fuelling strategy  Nominal values
* Maintenance records

Compliance Methodology

* Random uncertainty
 Hypothesis testing for Condition compl.
* Monte Carlo estimation of compl. uncertainty,

Computational Model Validation

* Systematic uncertainty
» Empirical/physical based error model
+ “Fitting” the model to measurements

Fig. 1. Interrelationships in the Managed System for Compliance.
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The additional work required for surveillance is balanced by the fact that the resulting actions on
the reactor operations, implemented in station procedures, allow the reactor to be operated at
higher power, and at the same time make the reactor “safer” by increasing the operating margins.
A good example is provided by an actual increase in operating margins at OPG Bruce B reactors
which occurred as a result of new surveillance procedures® ® following updates to the Compliance
Methodology® !, the implementation of an improved SORO model” and the implementation of the
enhanced gap management’ incorporating larger Void Reactivity Error Allowance.

Another reason for the effectiveness of the proposed methodology is the usage of an extreme
value probability distribution in calculating the compliance uncertainties M. An extreme value
probability distribution naturally arises as a consequence of the “one-condition” property of the
given problem with many parameters together with the hypothesis testing. Such a probability dis-
tribution is inherently biased with respect to the “parent” distribution (associated with the error €
in the previous Section) - see Fig. 2. In hypothesis testing this bias is irrelevant since it is embed-
ded in the distribution of the associated test statistic necessarily producing smaller and more accu-
rate compliance uncertainties.

/ \ Extreme value

/ \ distribution

Fig. 2. Parental and the derived extreme value probability distribution.
The most important components of the overall strategy for compliance (see Fig. 1) are:

» Computational Model;
» Reactor Operations;
» Compliance Methodology - formal description;

* Validation;

The rest of the paper contains brief discussion of each of the components.

8
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IILLA. Computational Model

For the frue parameters Q = {0, 0,, O3, ..., 0, }, we need to provide their estimates Q =
{01,0,,05, ...,0, }as described in Section II. Therefore, a computational model which pro-
vides such estimates is an integral part of our managed system for compliance. Sometimes, such
estimates, either in whole or in part, are obtained by measurements. This is the case in computing
margins to fuel constraint, where the available channel gap is a measured estimate.? For the sake
of simplicity of presentation a “Computational Model” will also include measurements. In order
to satisfy the fundamental premise of well defined and justified uncertainties, the computational
model must be validated (hence the corresponding links in the chart of Fig. 1). Depending on the
validation results, the computational tool may be updated or modified (as was the case with the
Bruce B SORO model’) instead of adjusting the corresponding uncertainty component in €.

The role of the computational model may sometime be much more involved than just pro-
viding Q to help estimate € in the validation process. For example, a fuel management code such
as SORO* is an active component of reactor operations. It provides, in particular, bundle and
channel powers which are used by fuelling engineers to select channels for re-fuelling and hence
affects the actual core configuration. In order to provide an accurate snapshot of a reactor core,
SORO, in turn, needs information on the instantaneous reactivity device positions, indicated reac-
tor power as well as recent fuelling history (Fig. 1). Also, SORO provides a number of parameters
(such as bundle and channel powers, fuel constraint under postulated LOCA, etc.) which are used
in station procedures as test statistics for the various compliance requirements.

The computational model also provides Q to the Compliance Methodology (see the chart in
Fig. 1) as the surrogates of @ for the Monte Carlo procedure which estimates the compliance
uncertainty My, .

III.B. Reactor Operations

Reactor operation is an active component of the managed compliance system because our
methodology is based on a posteriori analysis. (In a priori based methodologies, reactor opera-
tion would only be a passive component.) Therefore, there must exist station procedures which
provide for surveillance, or monitoring, of the reactor core. The purpose of such surveillance is to

+ execute the actual statistical tests to judge the specific compliances (e.g., see Ref. 8 and 9)
which are often done by simply comparing the computed (or measured) parameter to a
reporting limit which is determined from the compliance uncertainty;
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* test an identified parameter, other than the one being tested for compliance, to be within
specified bounds (e.g., average SORO-FINCH error’) in order to confirm assumptions
which are made in the Compliance Methodology to compute the compliance uncertainty.

If some of the tests mentioned above fail then appropriate actions are taken which include report-
ing as well as changes to the reactor operations which affect reactor regulations (e.g., de-rating of
the reactor power, calibration of Reactor Regulating System and its instruments) or fuelling
sequencing to increase the operating margins. Sometimes long term fuelling strategy changes may
be required to increase the operating margins and hence the safety of the reactor operations. Also,
larger operating margins may be achieved by using more efficient methodologies which enable us
to compute smaller compliance uncertainties.

HI.C. Compliance Methodology

This component of the managed system is the formal mathematical methodology (for details
see Ref. 1, 2 and 3). All the theory pertains to uncertainties derived from the random component
of €, the error in Q . The systematic component of € is estimated in the Validation program (Fig.
1). The probability distribution for the error € = {€, €,, €5, ..., €,} 1s referred to as the parental
distribution. We introduce an error 1| associated with the condition C . Since the condition for
channel power licence limit compliance is

max{Q, 0,,03,...,0,} < L,

the error 1 is defined as the error in max{Q,, 0>, 0, ..., 0, }, where O; is the SORO computed
channel power serving as an estimate of Q,. The probability distribution for the error n is, natu-
rally, an extreme value probability distribution and is derived from the parental distribution for
the error € = {€,, €,, &, ..., €, } -see Fig. 2.

The compliance uncertainty 1, is some percentage point of 1| depending on the problem. In
case of the above mentioned channel power licence limit condition, 1, is defined as

Probability{n <-n,} = o.

A schematic of the extreme value probability distribution for mn together with the compliance
uncertainty 1M 1is depicted in Fig. 3. (Note that in this example € and 1 are taken as relative
errors, for convenience.) With such defined compliance uncertainty the test procedure is

Accept  max{Q;} < L ifandonlyif max{Qi} < L(1-my),

10
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where L is the licence limit. It can be shown! that the significance level for this procedure is less
than o.

|
| :
|

_n(x Hn n o

Fig. 3. Probability distribution for  and the compliance uncertainty 1, .

Probability distribution for 1 is computed numerically by a Monte Carlo procedure. Again
we will demonstrate the approach using channel power licence problem. Generalization to other
problems is straightforward. The defining equations in this case are

0 =0(+¢),
_ max{Q;} - max{Q;}
a max{ 0} )

The estimated channel powers Q are computed by SORO in an operating environment. In a
Monte Carlo procedure these are, however, computed from the above equation by sampling from
a known distribution for € (obtained by comparison to the available measured channel powers)
and from the given set of #rue channel powers Q . Since the frue channel powers are not known
we take the SORO computed channel power estimates S = {S|, S,, S5, ..., S,} and assume that
these are the #7ue channel powers of some fictitious reactor not very different from the real one.'°

Thus, the new equations which are actually used in the Monte Carlo computation are
Q0 =S(l+g),

max{ Qi} —max{S;}
max{S,} ’

A

11
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where ) is considered a good approximation to 1. Justification for this procedure is provided in.>

1 is a rather complicated function of @ and €. In order to understand the claimed effective-
ness of our procedure we will highlight the following two properties of 1. The probability distri-
bution for 1 is biased (positively in the maximum-type problems - see Fig. 2, or negatively in the
minimum-type problems such as in the case of margin to fuel constraint) with respect to the bias
of the parental distribution for €. This means that resulting compliance uncertainty 1, is neces-
sarily smaller than a compliance uncertainty based directly on € as is the traditional industry
approach (see Figures 2 and 3, or Ref. 1 for details).

Another important property of M, is that it behaves as a convex function of the parameters
defining the probability distribution for €. This allows us to provide guaranteed upper bound esti-
mates on 1, without relying on having accurate estimates of €. Interestingly enough, the maxi-
mum values of M, are attained at those values of the parameters of € which are very close to our
estimates. That means that the obtained upper bound compliance uncertainties 1, are in fact real-
istic, contributing to the over all effectiveness of the methodology.

Mid-range channel power distribution Peaked channel power distribution
2.5 T T T 2.5 T T T
2 jl; - 2 ;7‘ B —
Na Na.
1'5_.. B B — 1_57” .-
1 D — 1 — —
(%0) (%0)
O'Skv, el . . N — 0_57 . . . —
o 1 i i 0 i i i
(0] 0.5 1 1.5 2 (0] 0.5 1 1.5 2
0
G ode (%) Gcode (%)

Fig. 4. Relationship between the compliance uncertainty and the code error.

In Fig. 4 there are two graphs of M, versus © for the channel power licence problem,

code
where G, is the standard deviation of the normal probability distribution for the component of

€ describing the error in the SORO code. (The reactor power error component of € does not

12
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exhibit such a convex property because it is common for all channels. The corresponding relation-
ship would be strictly monotone increasing.) As mentioned earlier 1, also depends on Q. The

two graphs above show the relationship between 1, and © for different channel power pro-

code
files Q . One is a peaked profile, i.e., @ which has only a very few channel powers close to the
maximum, while the other is less peaked, or, more flat, or, mid-range (the most common channel
power distribution that occurs under normal operating conditions) with many channel powers

close to the maximum.

The margin to fuel constraint problem is an order of magnitude more complex because the
error € has two components which randomly vary among channels (again, the reactor power error
is common to all channels). One component is the code error - the same as above - and the other
one is the gap measurement error, . In order to be conservative ¥ is assumed to have uniform dis-
tribution described by a parameter max. . The graph, shown in two different azimuthal views, in

Fig. 5 depicts the relationship between the compliance uncertainty 1, © and max, . (M, is

code

replaced by Mgg/95 in the graph to signify that the significance level o is taken to be 0.02 and the
“worst” @ was obtained over a 95% of different reactor states.)

Compliance Uncertainty Allowance, Nog/95- VREA = 5.4 mk.

View = —40° View = 35°

4

max_ (mm 0 0 o,
v ( ) Gcode (%)

c (%)

code

Fig. 5. Relationship between the compliance uncertainty, the code error and the gap measurement
error.
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HL.D. Validation

There are two major assumptions that we make in our methodology. First one is that the
computational model (including measurements) is sufficiently accurate, i.e., Q ~( . This
assumption is made in the Monte Carlo procedure as a necessary condition for fj = 1 to hold. In
the case of the channel power licence problem we have used the available channel power mea-
surements at selected channels (the so-called FINCHs) and computed Ty and 7j,, using the
SORO computed channel powers and measured channels powers, respectively.>? While we found
that the corresponding estimates of the compliance uncertainties may be quite at variance for
individual reactor states, the agreement was excellent if compared as percentiles taken over many
reactor states. This could mean that we might not be able to carry out the statistical testing accu-
rately for individual reactor states, only over many states. Given that 1), is in itself in error, it is
not as yet clear how close 1| and n are for the individual reactor states. In principle this could be
done by estimating sensitivities (first derivatives) of 1 with respect to every Q; and carry out the
first order error analysis for 1.

The second important assumption is again made in the Monte Carlo procedure regarding the
expected value of €, or the so-called systematic error component [. This systematic error compo-
nent is needed when sampling from € to generate the possible random realizations of Q . For the
SORO code we have assumed that zero is a conservative bound for p for the applications we have
encountered.

We view the most important role of validation as estimation of the systematic error compo-
nent of €. For situations where there are some measurements of Q available we envisage the fol-
lowing approach. First, we identify possible systematic components of € and assume a model for
these error components which would normally include some free (to-be-determined) parameters.
Such models can be either empirical or physically based. An example of an empirically based
model is the linear expression involving the channel irradiation as a systematic error component
of the SORO code error.'! The physically based model is often obtained by first order sensitivity
analysis as can be done for channel power measurement error. In the case of the reactor power
error, it is possible to find its fundamental physical components by analysis. Once we build the
error models, we compute the free parameters by fitting the model to the existing measurements.

14
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0 ={0,0,0;...0,}
0 =101,0,,05,....,0,}
S = 8,8, 8;...5,}
Lor L

o

€ = {€,¢&,,¢&,...,¢,}

_ max{Q;} —max{Q;}
n= max{Q;}

max{Q;} - max{S;}
max{S;}

- Mg

No

L(1-mg)
peaked channel power profile

flat channel power profile

o

code

Y
Bootstrap

NOMENCLATURE

true reactor channel powers

estimated reactor channel powers

SORO computed reactor channel powers
(license) limit, or channel specific limits
level of significance

errors in estimated parameters Q

relative error of maximum channel power

relative error of maximum channel power using bootstrap

the (lower) 100a percentile of the probability distribution
of n (note the minus sign for convenience as the quantity

N, Will generally be positive)
compliance uncertainty

industry standard margin of error (the100(1-o) percentile
of the probability distribution of €;)

reporting limit (critical value of max{Q;})

few channels close to maximum power
many channels close to maximum power

standard deviation of SORO code error

gap measurement error

statistical methodology using data to generate error distri-
butions by simulation
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