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Integral Solution of Eq11ia.xr<l Solidification with an 
Interface Kinetics Model fur '.'iuclear Waste Management 

G. F. ~ a t.<>H'r 1 

Abstract 

In this paper, a one-dimensional analysis 
of energy and species transport during bi 
nan dendritic solidification is presentt'd and 
rn11~pared to ~xperimental resu I t.s . Thi-> pa• 

p<-r's objective is a continuation of previous 

studies of slJlidificat1on control for tht> w,-i.-;te 

management of nuclear materials m tht> un
dt"rground disposal concept. In the prt>senl 
analysis, interface kinetics al the solid - liq
uid interface accounts for recalescent t lwrmal 
behaviour during solidification . The theoret
ical results were compared to avaliablc ,~x
perimental results and the agreement appears 
fair although some discrepancies have been at
tributed to uncertainties with thermophysical 
properties . 
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Introduction 

Th,· ( 'anad1a.n Nuclf'ar Fuel Wa$tt' Man· 
ag,•ment Pro~ram lias devoted morl' than a 
dt•cade to th•' assessment and dev(>lopmenl or 
th<' underground fuel disposal conc<'pt . In tl11s 
proposal. nudPar fuel wastP from Canada's nu
rlr-ar rPactor~ will bt> deposited in a "·ault and 
n;ravateci in plutonir rork of th<' Canadia.11 
Shit•ld A prir11ary co11c1•rn of tlll' E11virone11· 
li\l Assessnwnt Panel i:-- tit<> select1011 of mate

rial:-- and designs for tlw different 1•11~inccri11p. 
components of the disposal system [I) . Several 
st.11dit>s have lit>en perforn,rd on the safety and 
duraoilit)· of lht' conc~pl with the fundamental 

obligation to protect a11d avoid burdening fu
ture generations with polential e11vir0ncmt11al 
problems . 

In the disposal roncepl. the n11d,·,u wast,· 
r(111Lainer and surrou11d111~ mat<>rials providt· 
harriers to rarlioart1v,· •·mission!-, ( Fig . I) 
Lt' dd - ant.i111011y metal ;dloys hav, · h~t:11 prc,

post'd for waste containers becau:--, ' of their 
favourable 11wchanical a11<l corrosiu11 prop,·r 
1 It' ~ ProC'es~ control of the ca.sl.111 .;; s0J1dtfi . 
<'i¼I 1011 is essPnt ial for t.h,, prevt>nti,)11 of co11 -
1 ;u 11er corrosion. diffus1011 of mat ('ri;, Is throuJ!,li 
tht· container~ a11d red11ct1011 of ra.-..1111g defer! ., 
,,·l11rh could µro.,,.ide pal.It s for rad1u1111d1de r, ·
lease through the castings . In order to tL.-..

sist these objectives, this work continues prev1-
011s studies of analytical and numPric.al simula
t H•11 control .-,f nuclear w ;t.-..1.f> ra.,1 tit).!. pr•>CPSSf':--
[ :2 . :t l 

111 hinar_:. allo~· soliddi,·; lt ion pr, ,, ·1•:--:-,1.• ~. tw,, 

pr1111ary mirros1r11ct11r, ·:--. i .e c,)l1111111ar an.J 
•' ljllli\Xt>d ~I rit<"lllrt'S . r11r111 fr0111 1111 li(.plld 
pla.L" ' [·I) 111 r,¼..'Sti11;.:. ;q>plir:-tt i1111:-- rolu111 
11:1r ~lrunur,-,._ ~r o w ,:o111 l'r 11 111 tlw 111,,uld (lw;11 

s111k I in a11 uppos1tf dm·n1011 111 th" tw.-tt 

flow dirt>rt1011 \\'ht'n· ,t.-. ,·qu1axrd ;.:;r :1111:-- gru" 
111 a11 undnn1oled melt rcg1011 ( li, ·at s 111k} 111 

tlw rnmr dir,·rtio11 a.s 1.lt, · llt'at. flow dirt>rti<•11 



Figure 1: Nuclear Waste Disposal 

Therefore, if a thermocouple was placed a.t a 

fixed location in the melt region, different cool
ing curves would be recorded in both cast's. 

In columnar growth, since heat conduction 
occurs through the crystals into the mould 
in an opposite direction to their growth. the 

melt region remains the hottest section of the 
system and the thermocouple temperature de
clines throughout the solidification proC't>SS . In 
the equiaxed case, the latent heat released 
from the crystal must be removed from the 
crystal through the melt region, i.e. the melt 
region must be undercooled and the crystal re
mains the hottest section. If the latent energy 
release exceeds the heat extraction ratr. a lo
cal heating or reealescence a.nd remelting stage 
may occur with potentially detrimental effects 
on final casting properties. For example, in the 
presence of thermosolu tal convection. rernel l
ing stages may invoke spE"riE>S segrega1 li')ll or 

shrinake defects in the casting . 

Previous solidification studies with binary 
aqueous mixtures such a.s N H4CI- H20 have 
revealed recalescence but its prediction has 
been lmuted by an inability to precisely cieter-

mint solidus and liquidus interface locations 

[~] . Backman and co-workers have observed 

t ht'rmal fluC'tuations "· hich lack accountability 
cf 11rini ca.sting processes [61. Predictive capa
biliti~ of this behaviour are critical factors in 
tht' final implementation of a high quality ca.st

ing design for the nuclear waste containers . 
In this paper, theoretical studies examine 

~olidification of a binary N ll~CI - H1O mix
r 11r,' inside a rf>C'tangular domain. The studies 
t>XlrnJ previous developments which havr ad

dressed numerical simulation issues in rdation 
to c~ting processes in nuclear waste mani\ge
m~nt [2, 3). A quantitative analysis exarn111es 
one-dimensional energy and species transfer at 
a microscopic level during the casting solidi
firat1on . Comparisons bt'tween experim..,ntal 
a11d theoretical results provide a. validation of 
the correlations between the interface kinrt1cs 
and the interpha.se heat tr:rnsfer . 

Model Formulation 

The general continuum t>quations for tn11-

S<'rval1on of species, mass . momentum ;rnd ""· 

er~y during binary constituent phase trar1s1-

t 1c,n may be t>Xpressed 111 t hl' followin~ forrrr 
[,! . 

a<:.,,, + \ • (pvC) = \ Li t;PDt \< ·4-

+v . [pt7C - L; /1:p1:v1:C1:) ( 1) 

ilr 
-+\ · lpi:-\=0 (°!) 
i-Jl 

8( p,.71 r, ( - - · r ~+v· pt·r·_l=-"1' 

+1. Pr)\ · (L;=I lit \lf,. ,-4: )j + \ I_I'', 

- L; = , I .u>v 1: t7~ l + .1.,. ( r - T) ) + c: ( : 1 1 

C(;/11 + ~ . (pi:h) = \ (k'\T) 

+ '\ ( pvh - L ~- 1 lh i:1: h c) ( ·1) 
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Figure 2: Binary Phase Diagram 

where the phase enthalpy, hi, was defined by 

ht(C, T) = /
7 

C,-_1:(()d( + h,._k:(C, T) (5) 
}To 

In Eq. (I). Le = of D denotes the Lewis num

ber. In Eq. (3). Pr= v/o: and C represent th" 
Prandtl number and phase interaction forces. 
respectively. The latter term. C. was deter
mined from Darcy ·s Law, G /\. = v IL ( VL - vs) 

ln Eq. ( 5 ). c.-.i(T) refers to the reference spt'· 
cific heat of phase k. The governing equation:

must. be solved with the binary phase diagram 
(Fig. 2) in conjunction with initial and bound
ary conditions for the solute composition, mix
ture velocity. pressurt> and temperature fields 

A finite t"'lement - volume scht>me (7} ha., 
been employed for the solution of the con
tinuum equations (8] In the numeric-al 
scheme. the solid phase was presumed station

ary (i's=O) and Ps = PL was assumed in ordt"r 
to maintain m1xturt' saturation (1.t>. the su111 

of phase volume fractions equals one). Tht>r
mophysical propert.it':- for the liquid, solid an\i 
mushy regions were mass-weightC'<l by their rt-> 

spective mass fractions. i.e. o =/sos+ hoL 

Additional details ali,"'111 lh<" nt1rnf'r1r:,l prot:e
dure appear in Ref (7j 

Energy and SpP.c-it~ Transport Models 

In the following d1tf11~1on-dorninah'd a.naly
sis, consider a one-d1m,,11s1011al volum,, which 

moves at a velocity \ ·,, l with the phase inter
face, 

subject tc, 

CL( t = 0) = l · (8) 

BC' 
- D ch IR = CL( I - ,- P W: Cr I'"'- = Co ( 9) 

- k - + k - = p\ L· d·11 81· . 
i}i· L or , . 

( I 0) 
where H.(l) 1s the 111lt>rfM<· pos111 11 11 a11d the 
subscriµl x refers l(• ., f;u-tield ru11,l1t1u11 

Integrating Eq. (6i tr,1111 ;r-::: h'- x. 

( l I) 

Assuming an exponeut ::,I roncentr,11.10II profile 
within the liquid pha..--., [~)}. 

CL=~; exp[-Vu 11.r - R(t))/ D] {12) 

Subst1tut 1,)11 of E4 
simplifirat1on yielJ:
equatio11 for \"( t). 

;·~11111,, 1-~q (ll) and 

, J:.-1 -urd,·r d1ffen•11L1al 

,. 



coatrol --... 
volume 

r+dr R 

Figure :3: One-Dimensional Crystal Growth 

In physical terms, as the solution approaches 
a steady-state (t - oc). conduction into the 
interface balances the la.tent heat release from 
the interface and the int.c>rface becomes sta
tionary. i.e. V(t) - 0 iu Eq. ( 14). 

Considering one-din1t'11sion&l planar crystal 
growth in the radial direction, r (see Fig. 3). 
dfs/dt =::: V(t)/R for rrystal growth from a 
nuclear.ion site (t = 0) i11 a.n isothermal (T = 
To) and undercooled liquid region, 

a2T u Is o ( 15) 
fJz 2 = : dt > 

Thus. from Eq. (7), ~~ > 0 (recalescence 
occur::.) and the temperature increases from 
To(t = lo) to some T(t = ti) = T1 over a 
time intt>rval 6.t > 0. Assuming heat trans
fer from the volume occurs at a uniform rate. 
ov1T =::: -q[K/s], then the recalescence pe
riod occurs until ( ~ ), 1 = 0, i.e. from Eq. 
14), 

( 16) 

wherP j,t = t1 - t0 and 'I> 0. Equation (16) 

4 

may be written as 

At= 2(l~kp) [Cc!S- (~r] 
( 17) 

The initial cryst.al growth rate, \.'i, varies in 
an exponential manner as a function of the 
interface Gibbs energy, AG (4] 1 

V; = Voezp (- AG) ( 18) 
ksT 

where ks = 1.38 * 10-23[J / K] is the Boltz
mann constant and 6.G represents the energy 
required to maintain crystal bonds in the lat
tice structure from melting back to the liquid. 
The Gibbs energy may be written in terms of 
the interface energy, u[J /m2], and the entropy 
of fusion per unit volume, As{J / m 3 K] [ 4], 

AG~ 16r o-3 

3 As2 AT'-
(19) 

where D.T is the undercooling level prior Lo 

the onset of solidification. 
Substituting Eqs. (18) and ( 19) into E:q. 

( 17), 

or At~ A- B/AT2• This equation intersects 
the AT axis at AT0 = ...JlfTX where recales
C"ence will not be observed for ~T ~ ~?ii. 
Equation (20) demonstrates the recalescence 
period increases with the undercooling level. 
~T; in words, the crystal growth rates in
crease exponentially with AT and this rapid 
growth leads to a. rapid latent heat relea.,;e 
within the crystal which exceeds its heat trans
fer rate out across the volume edges. 

In the present experiments, <f ~ r il..1> = 
10- 4[J /m2] Crom the definition of the Gibbs -
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Thompson coefficient, r. Also, q ~ 0.025[K/s] 
and R ~ 4(mm] from the experiments and 
Vo ~ O.Ol[mm/s) from crystal growth mea
surements in Ref. [10]. Thus, Eq. (20) may 
be written as 

At[min] ~ 0.277 - 17.73/AT2 (21} 

where property values for the NH 4C l - H 20 
solution have been employed. 

Experimental Procedures 

Experiments were conducted with an aque
ous ammonium chloride solution (N H4CI -
H20) inside a rectangular enclosure. The ex
periments consisted of photographic observa
tions of the phase interface motion and ther
mocouple measurement of the internal tem
perature distribution during solidification. In 
addition, discrete particles within the mix
ture were employed for the observation of fluid 
stre;\k lines. Identical experiments were con
ducted twice to establish repeatable results. 

A thermocouple grid was construcuted and 
placed inside the enclosure to monitor the 
transient temperature profiles in each test. 
The grid consisted of 16 Co - Cu 0.5[mm] di
ameter bare wire thermocouples which were 
soldered at the midplane within a plexigla.ss 
frame citeaiaa29. Constantan - Copper (Type 
T) thermocouples were employed. The ther
mocouple frame was inserted into the test cell 
before each simulation. The horizontal lo
cations of each thermocouple columu within 
the grid were 0.64[cmJ, 2.54(cm), 5.72[cm) and 
7.62(cm], respectively. The vertical locations 
of each thermocouple row within the grid were 
0.64[cm], 2.54[cm]. 5.08[cm] and 7.62[cm], re
spectively. The thermocouples were numbered 
from 1 to 4 (column 1: top to bottom), 5 to 8 
(column 2; top to bottom). 9 to 1~ (column :l: 
bottom to top) and 1:3 to 16 (column 4: bot• 
tom to top). 

In ea<"h experiment, the side and base walls 
were maintained at sub-zero conditions and 
the top surface was a free boundary exposed 
to a quiescent air layer under the thermocou
ple frame. These conditions generated colum
nar dendritic growth along the walls as well as 
thermal and solutal convection patterns with 
crystal sedimentation inside the cavity (Figs. 
lb and le). Further details of the experimen
tal diagnostics and setup conditions appear in 
Ref. (11). 

Results and Discussion 

(I) Case 1 (To= 318(/<). Co( H20) = 0.72) 

In the early st.ages of solidification, the 
liquidus interface developed nearly uniformly 
across each cell wall. At subsequent stages, 
thermal and solutal buoyanc-y in the liquid 
regions gE>nerated a convectio11 cell on each 
side of the cavity. The interaction between 
the upward convection transport of crystals 
from the lower mushy region and each crys
tal's weight created a downward sedimentation 
process along the cell vertical midpla.ne [11]. 
At the- steady-state ( t == 6680[s]), the mul
tipha..~ region profile illustrates the approx
imate problem symmetry about the vertical 
midplane (Fig. 4). 

Interior temperatures in Figs. 5-6 decline 
in a monotonic manner except loc-ations 6 - 8 
where- loc-al llf'•at ing or re.rfl/r.-;,·rncr creates a 
temporary thermal fluctuario11 at t ~ 370[s]. 
These- results appear consistent. with recales
cence observations of other researchers, i.e. 
Refs. [5, 10]. A period of rPralesc-ence. ~t > 0, 
occurs when the latent heat release within 
a crystal exceeds c:onduction of sensible heat 
from the solid - liquid regio11 around the crys
tal thereby creating a local heating effect. This 
rate of latP.nt heat release in~rt;>a$es with the 



Figure 4: Case l. Solidification Results 

undercooling level, ~T = TuQ - T , because 
fewer atoms have sufficient energy to melt back 
into the liquid near the phase interface at high 
undercooling levels. Therefore, recalescence 
occurs primarily at high undercooling levels . 

The previous unidirectional beat and species 
transfer analysis bas shown that the recales
cence period varies as ~t [min) ~ 0 .277 -
l 7 .73/ ~T2 . Only points beyond the inter
section between the ~t - ~T curve a.nd the 
!l.T axis demonstrate recalescence because the 
solid growth exceeds the heat transfer from the 
interface in this region. Experimental results 
in Case 2 will further examine these trends be
t we-en recalescence and undercooling levels. 

Additional ohservations were directed to
wards 4ualitative aspects of the crystal sed
imentation process along the cell midplane. 
These aspects pertain to (i) thermal conditions 
which affect the crystaJ>s maximum height 
prior to its reversal and sedimentation and (ii) 
whether a minimum crystal size exists below 
which a crystal will not settle. 

firstly , after a crystal's weight exceeded its 
11pward acceleration along the cell midplane, 

~ 
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Figure 5: Case 1. Thermocouple Results 

it decelerated and eventually descended and 
created an inverted V-shaped sedimentation 
layer along the lower boundary ( Fig. 4). Since 
the crystal sizes and weights were different, 
their descents initiated at different heights . In 
fact, the thermal conditions affect the crys. 
ta.l's maximum height prior to its reversal and 
sedimentation. For example, consider a crys. 
t..al's ascent from a lower section 8 with a fixed 
pressure gradient and initial velocity at loca
tion 8 but variable thermal conditions which 
generate different crystal trajectories. Cases 
with a lower thermal gradient in the positive 
y-direction will initiate a shorter crystal tra
jectory. From Figs. 5-6, we observe the rate 
of temperature decline at location 8 exceeds 
the decline rate at location 6 during the pe
riod of sedimentation. 

Secondly, the N H 4 Cl-rich crystals have a 
higher density than the liquid phase. Thus , 
the crystals settle downwards along the cell 
midplane unless they remelt before their flow 
reversal downwards. If a. crystal reverses its 
ascent , it accretes and grows during its de
scent which · prevents any subsequenL flow re-
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Figure 6: Case l. Thermocouple Results 

versal. Qualitative observa.t.ions confirmed no 
crystals ascended after their formation or re
versed their decent. An exception occurred 
along the side boundaries near the liquidus 
interface where brief crystal upffows were ob
served. Solutal buoyancy as a result of solute 
enrichment of lighter solute ( H 20) near the in
terface may have been a factor which initiated 
these temporary upflows. 

(II) Case 2 (To = 318{Kj, Co(H20) = 
0.68) 

In this case, crystal sedimentation in the 
form of an inverted V-shaped layer was not ob
served because the columnar growth developed 
faster in this case in comparison to the previ
ous case (i.e. a larger initial undercooling level 
of tbe wall temperature below the liquidus 
temperature due to C0(case 2) < Co(case I)) . 
Since columnar grains developed rapidly in 
comparison to Case lt the convection cells had 
less strength to detach crystals from the mushy 
region . 

Thermocouple measurements appear in 
Figs. 7-8: a similar pattern of warmer tern-
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Figure 7: Case 2. Thermocouple Results 

peratures near the stagnation point arises at 
location 6. Al.so, Fig. 8 illustrates the higher 
undercooling level in this case prolongs the 
recalescence period at t ~ 370{s] in compar
ison to the previous case. In fact. a larger 
early recalescence period preceeds subsequent 
short recalescence periods at locations 6 - 8 . 
Recalescence promotes repetitive thermal be
haviour. For example1 if a crystal reheats a 
solid - liquid mixture, it may melt the solid 
region back to the liquid phase; sub.sequent so

lute transfer would undercool Lhe region and 
once again generate thermal recalescence al
beit with a lower magnitude. Heat transfer 
from the system throughout the process re
duces the undercooling levels at each subse
quent recalescence period . 

Comparisons between experiments and the
ory for the duration of the first recalescence 
period at t ~ :J70(s] in terms of the under
cooling level. ~T. appear in Fig . 9 . Each 
set of markers for locations 6 and 7 repre
sent different experiments (cases (i) - (iii)) a.t 
t == 370(s] (onset ofrecalescence) . The reeales
cence- period , At , was defined as the duration 
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-Cl) --~ 

between t ~ 370(s] and the time where the 
temperature declined below a local maximum 
by 0.5[K]. The undercooling level, ~T. was 

defined as the temperature difference between 
the thermocouple measurement at t ~ 370[s] 
and TuQ(C0 ). Fair agreement was achieved 
between the theoretical model, ~t[min] ::::: 
0.277- l7.73/~T2, and the experimental re
sults. The results demonstrate how recales
cence arises from undercooled conditions; high 
undercooling levels (i .e. 6.T ::::: 21[.K]) pro
mote rapid nucleation and long recalescence 
periods whereas low undercooling levels (i.e. 
!l.T < B[K)) initiate nucleation a.t a rate which 
releases latent heat slower than concjuction of 
sensible beat from the crystal (i.e . no recales
cence) . 

Conclusions 

Experiments and an analysis of solidifica
tion of a binary N H◄Cl - H-iO mixture were 
conducted in a rectangula.r domain. Mea
surements were performed with thermocou
ples, photographic techniques and digital im-
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Figure 9: Recalescence Results 

30 

a.ge analysis. The duration and magnitude of 
recalescence was augmented at larger liquid 
undercooling levels and an integral solution 
technique supported these observations. Free 
c-rystal convection diminished with lower ther
mal gradients in the y-direction. Also, crystal 
sedimentation paths were broadened over the 
duration of their descent. These theoretical 
and experimental developments will serve in 
future models of casting processes in nuclear 
waste management. 

References 

1. Allan, C., "Nuclear Fuel Waste 
Disposal - AECL 's Concept and 
the Importance of Implementation", 
Canadian Nuclear Society Bulletin, 
vol.14. no.I, pp .19-23, 1993. 

2. Naterer, G. F., Schneider, G . 
E., "Species Redistribution Dur
ing Solidification of Nuclea.r Fuel 
Waste Metal Castings", Proceed
ings, CNA/CNS 18th Nuclear Sci-

1 

1 

1 
1 

1 



, ,,. 
I I 

•r 
1r 
r 
J 
J 
;f 
r 
r 

f 

f 

' ,. . I 
f 

f 

ences Student Conference; Montreal, 
1993. 

3. Naterer, G. F ., Schenider, G . 
E., "Anisotropic Permeability model 
of Casting Processes for N udear 
Waste Management" 1 Proceedings, 
CNA/CNS 19th Nuclear Sciences 
Student Conference, Toronto, 1994. 

4. Kurz, W., Fisher, D. J., Funda
mentals of Solidification, Trans Tech 
Publications, Switzerland, 1989. 

5. Cristenson, M. S., Bennon, W. D., 
Incropera, F. P., lnterna.tional Jour
nal of Heat and Mas.s Tran.sfer, 
vol.32, no.l, pp.69-79, 1989. 

6. Backman, . D. G., Mehrabian, R., ,.,, 
Flemings,· M. C., Metallurgical 
funsac~ions, vol.Sb, pp.471-477, 
1977. . 

7. Naterer, G. F., Schneider, G. E., 
"PHASES Model of Binary Con
stituent Solid - Liquid Phase Transi
tion - Part 1. Numerical Method" , 
Numerical Heat Transfer B, vol.8, 
no.2, pp.111-126, 1995. 

8. Naterer, G. F., Schneider, G. E., 
"PHASES Model of Binary Con
stituent Solid - Liquid Phase Tran
sition - Part 2. Applications", Nu
merical Heat Transfer B, vol.8, oo.2, 
pp.127-137, 1995. 

9. Charach, C., Keizman, Y., Com
putational Mode/ling of Free and 
Moving Boundary Problems, vol.3. 
pp.157-164, 1995. 

10. Johnston , M. H., Griner , C. S., Parr , 
R. A., Robertson, S. J ., Journal of 
Crystal Growth, vol. 50, pp.831-838, 
1980. 

11. Naterer, G . F., Schneider, Ci. 
E., "Experimental Study of Dy-

9 

namic and Thermal Conditions Dur
ing Bina.ry Dendritic Solidification", 
A lAA 29th Thermopbysics C,onfer
ence, San Diego, California., USA, 
June 19-22, 1995. 




